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Fourier on R?



Nice Periodic Functions

A function

f:R?2=C
is a “nice periodic function” when it is
m smooth,
m differentiable,
m (abs.) integrable,
m periodic on [0, 1] x [0,1], i.e.

f(,u,l/):f(u-l-l,V):f(/,L,V-i-l).



Function Space

Basis Functions

The space of nice periodic functions is spanned by the (also
nice) functions

i27rm,uei27rnl/

B n(p,v) =€
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Inner Product

Let f(u,v) and g(u, v) be nice periodic functions. Their inner

product is
(f,9) = // fg* dudv.
[0,1]2




Inner Product

Definition

Let f(u,v) and g(u, v) be nice periodic functions. Their inner

product is
(f,9) = // fg* dudv.
[0,1]2

Definition
For a nice periodic function f(u,v): the numbers
Cm,n = <fa Bm,n>

are the Fourier coefficients or spectrum of f.



Fourier Series

For nice periodic functions:

fu,v) = Z Z Cm,nBmon (1, V)

MEZNEL

where
Cmn = <f7 Bm,n)'



Why exponentials?

Why an — 6i27rm,uei27mu?

Because V>



The Problem

Fourier’s Problem

0? 0?
V() = 5k + g = M(00)




The Problem

Fourier’s Problem

0? 0?
V() = 5k + g = M(00)

Separation ansatz:

Resulting ODEs:

d2M d2N
o KM (), —— =
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Spherical Coordinates

Variables

reR*
v € [0, 7]
¢ € [0,2m)

To cartesian

T = 71cospsind

y = rsinpsind

z =rcost



Spherical Laplacian

Cartesian Laplacian



Spherical Laplacian

Cartesian Laplacian

Spherical Laplacian

T r20r or r2 | sind 9V o sin? 9 Op?




Spherical Laplacian

Cartesian Laplacian

Spherical Laplacian

T r20r or r2 | sind 9V o sin? 9 Op?

Surface Spherical Laplacian V2




Spherical Laplacian

Cartesian Laplacian

Spherical Laplacian

T r20r or r2 | sind 9V o sin? 9 Op?

Surface Spherical Laplacian V2

Surface Spherical Laplacian

V§ =r’v? — 2 (T2a>






Where is V2 useful?

To do brain scans, apparently [2]

Figure 1: Electroencephalogram (EEG). Image from Wikimedia [3].



Where is V2 useful?

To do brain scans, apparently [2]

Naming task: Ne in incorrect vs. correct trials in PFC patients
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FIGURE 2 | EEG activity in PFC patients in the Naming task after surface

Laplacian transformation, recorded at FCz for errors (black line) and
correct trials (gray line). Zero of time represents vocal onset. The

cartographies were made on a 40-ms time-window centered on vocal onset

(from —20 to 20 ms after vocal onset). A 100 ms-long baseline was taken
between 200 and 100 ms before vocal onset. The scale used for the
topography for correct trials was larger than the one used for incorrect trials
as the amplitude of the Ne was smaller in correct trials than in errors.

Figure 1: Surface Laplacian in EEG. Taken from [4].




Brain Scans

Electrodynamics

V2=V -V¢

=V.E

P
€

So over the scalp

Vip = % = Current flow in the brain



New Hard Problem

The Problem

V2f(p,9) = Af(p,9)




New Hard Problem

The Problem

10 of 1 Pf
sind 09 (Smﬂaﬁ) sin 198_g02 = M(e9)




New Hard Problem

10 of 1 Pf
sind 09 (Smﬁaﬁ) sin 198_g02 = M(e9)

Separation ansatz:

fle,9) = 2(9)O(9)
From the “easy” part:

d2

o =k®(p) = B(p)=€™", mcZ

T2



Associated Legendre Differential Equation

Separation (cont.)

The hard part is the ODE for ©(9):

2

d
.24 @9
sin 0d(cosﬁ)2 2cos b

2
m219] ©(cosd) =0

sin

doe
dcos v i ) =



Associated Legendre Differential Equation

Separation (cont.)
The hard part is the ODE for ©(9):

2

d
1 2 —_— —
sin“ ¢ (COS )2 2 cos 6

doe
dcos v

Substituting © = cos¥ and y = ©:




Legendre Polynomials

Definition (Legendre Polynomials)

The polynomials

R (Cnk@n—2k) o

P,(z) = Z ~ x
= 2"k!(n — k)!(n — 2k)!
+1, —mnl-z
=2k (n 1 : 5 )
1 d" n
= g g Y

are a solution to the associated Legendre differential equation
whenm = 0.



1.04
1.02
1.00
0.98
0.96

0.5

0.0

0.5

0.0

0.5

0.0

0.5

0.5

0.0

0.5

0.0

0.5

0.0

!
o

0.5

0.0

!
o



Associated Legendre Polynomials

Lemma

For x € [—1, 1] the polynomials

Prn(z) = (1 - x2>m/2 jx—mmPn(x)

solve the associated Legendre differential equation.



Associated Legendre Polynomials

Lemma

For x € [—1, 1] the polynomials

Bl = (1 - x2>m/2 (ZlmPn(x)

solve the associated Legendre differential equation.

If m > nthen P, ,,(x) = 0 forall z.
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Putting it back together

The Problem

V2£(p,9) = M (p,9)

Current solution

Form € Z and m < n:

Yo (0,9) = ®(p)O(V) = €™¢ P, ,,(cos 9)
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Basis functions?

The functions men span the space of nice functions S? — C.



Basis functions?

The functions men span the space of nice functions S? — C.

Definition
The inner product of nice functions f(i,9) and g(y, ) from 52
toCis

(o= [[, 1" a0



Basis functions?

The functions men span the space of nice functions S? — C.

Definition

The inner product of nice functions f(i,9) and g(y, ) from 52
toCis

2

// fg*dQ = //f ©, v 9) sin 9 didyp



Orthonormality

A set of basis functions are orthonormal if

1 m=m'An=n’

0 else

<Bm,mBm’,n’> = {



Orthonormality

A set of basis functions are orthonormal if

1 m=m'An=n’

0 else

<Bm,mBm’,n’> - {

<?m,m ?m’,n’> =<¢2n+1 (TL — m)'



Spherical Harmonics

Definition

The orthonormal spherical harmonics are
Ym,n ((pa 19) = Nm,neim(ppm,n (COS 19)

where the normalisation constant

2n 41 (n—m)!
Nmn:
’ 4 (n+m)!

]. m:m//\n:n’
0 else

<Ym,n7Ym’,n’> = {



Fourier Series

For nice periodic functions on S:

flp,9) = Z Z cmnYmn (@, 9)

MEZNEL

where
Cmn = <fa Ym,n)'
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Linear and Rotational Kinetic Energy

Momentum and KE

2
p =mv, Ek:p_
2m



Linear and Rotational Kinetic Energy

Angular M. and KE
Momentum and KE

2
P L2
= E = — _ _
P =myv, k om L=rXxp, Ep.,= 2



Linear and Rotational Kinetic Energy

Angular M. and KE
Momentum and KE

2

p L2
= E = — _ _
b =mv, kS o L=rXp, Ek,a—m
QM Formulation
hQ

p=—ihV, E,=—-—V?
2m



Linear and Rotational Kinetic Energy

Angular M. and KE
Momentum and KE

p’ L2

P =mv, Ek:zm L:rxp’ Ek,a:

2mr?

O FOTTILEVIN: OM Formulation

Pretty long derivation yields:

hQ
p=—ihv, Ej= —2—V2 X 72







Schrodinger Equation

Time independent SE

H|TU) = E|T)




Schrodinger Equation

Time independent SE

(Bx+U)|w) = EW)




Schrodinger Equation

Time independent SE

(2‘); + U) ) = E|)




Schrodinger Equation

Time independent SE




Schrodinger Equation

Time independent SE

h2
3D [_%w + U(x)] U(x) = E¥(x)




Schrodinger Equation

Time independent SE




Schrodinger Equation

Time independent SE

2
[L_+i2§< SARE >] ¥(x) = BU ()

2mr2



Schrodinger Equation

Time independent SE

[Ek,ﬁ L9 (7«23) +U(r)] U(r) = BU(r)

r2 or or



Schrodinger Equation

Time independent SE

. 10 (,0
lEk’a + 7‘_25 (7" E) +U(I‘)

Kinetic Energy

U(r) = EV¥(r)




Schrodinger Equation

Time independent SE

10,0
[Ek,a + 7"_2§ (7“ E) +U(I‘)
—_——

Radial KE E, .

U(r) = EV(r)




Schrodinger Equation

Time independent SE

{Bra+ Bir+ Ur)} U(r) = BU(r)

But why?



Schrodinger Equation

Time independent SE

{Bra+ Bir+ Ur)} U(r) = BU(r)

But why?

Hydrogen atom has radial
symmetry!



Electron Orbitals
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