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Abstract: We give an overview of the history of fast algorithms for matrix multiplication.
Along the way, we look at some other fundamental problems in algebraic complexity like
polynomial evaluation.

This exposition is self-contained. To make it accessible to a broad audience, we only
assume a minimal mathematical background: basic linear algebra, familiarity with polyno-
mials in several variables over rings, and rudimentary knowledge in combinatorics should be
sufficient to read (and understand) this article. This means that we have to treat tensors in
a very concrete way (which might annoy people coming from mathematics), occasionally
prove basic results from combinatorics, and solve recursive inequalities explicitly (because
we want to annoy people with a background in theoretical computer science, too).
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1 Introduction

Given two n x n-matrices x = (x;) and y = (yx;) whose entries are indeterminates over some field K, we
want to compute their product xy = (z;;). The entries z;; are given by the following well-known bilinear
forms

Zij = ) XikVkj 1<ij<n. (1.1)

n
k=1
Each z;; is the sum of n products. Thus every z;; can be computed with » multiplications and n — 1

additions. This gives an algorithm that altogether uses n*> multiplications and n*(n — 1) additions.
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This algorithm looks so natural and intuitive that it is very hard to imagine that there is better way to
multiply matrices. However, in 1969, Strassen [31] found a way to multiply 2 x 2-matrices with only 7
multiplications but 18 additions.

Letz;;, 1 <i,j <2, be given by

a1 22\ (X X12 yir Y12
221 222 X21 X2 Y21 Y22
We compute the seven products

1= (x11+x22) (Y11 +y22),
P2 = (x21 +x22)y11,

3 =x11(y12 —y22),
pa=x0(=y11+y2),

ps = (x11 +x12)y22,

Pe = (—x11+x21) (Y11 +y12) ,
p7 = (x¥12 = x22) (Y21 +y22).

We can express each of the z;; as a linear combination of these seven products, namely,

< 21 212 ) _ ( p1+pa—ps+p7 p3+ps )
21 22 P2+ D4 pi+p3—p2+tps )

The number of multiplications in this algorithm is optimal (we will see this later), but already for 3 x 3-
matrices, the optimal number of multiplication is not known. We know that it lies between 19 and 23,
cf. [5, 21].

But is it really interesting to save one multiplication but have an additional 14 additions instead?' The
important point is that Strassen’s algorithm does not only work over fields but also over noncommutative
rings. In particular, the entries of the 2 x 2-matrices could also be matrices and we can apply the algorithm
recursively. And for matrices, multiplications—at least if we use the naive method—are much more
expensive than additions, namely O(n?) compared to n?.

Proposition 1.1. One can multiply n x n-matrices with O(n'°¢27) arithmetic operations (and even without
using divisions).”

IThere is a variant of Strassen’s algorithm that uses only 15 additions [38]. However, de Groote [15] showed that, using an
appropriate notion of equivalence, there is only one algorithm for multiplying 2 x 2-matrices using seven multiplications. And
one can even show that 15 additions is optimal, i. e., every algorithms that uses only seven multiplications needs at least 15
additions [7].

2What is an arithmetic operation? We will make this precise in the next section. For the moment, we compute over the field
of rational functions K (x;;,y;j | 1 <i,j < n). We start with the constants from K and the indeterminates x;; and y;;. Then we
can take any two of the elements that we computed so far and compute their product, their quotient (if the second element is not
zero), their sum, or their difference. We are done if we have computed all the z;; in (1.1).
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Proof. W.1.0.g.let n =2 ¢ € N. If this is not the case, then we can embed our matrices into matrices
whose size is the next largest power of two and fill the remaining positions with zeros.> Since the
algorithm does not use any divisions, substituting an indeterminate by a concrete value will not cause a
division by zero.

We will show by induction in ¢ that we can multiply with 7 multiplications and 6 - (7¢ — 4¢) addi-
tions/subtractions.
Induction start ({ = 1): See above.
Induction step ({ —1 — £): We think of our matrices as 2 x 2-matrices whose entries are 201 ot
matrices, i. e., we have the following block structure:

HH-D)

We can multiply these matrices using Strassen’s algorithm with seven multiplications of 2¢~! x 2¢~1-
matrices and 18 additions of 2/~ x 2¢~I-matrices.

For the seven multiplications of the 2¢~! x 2~ !-matrices, we need 7-7/~! = 7° multiplications
by the induction hypothesis. And we need 7-6- (7“1 — 45*1) additions/subtractions for the seven
multiplications. The 18 additions of 2~! x 2/~ !-matrices need 18 - (2/~")? additions. Thus the total
number of additions/subtractions is

7-6-(17" =4 41822 =6- (7' =741 434" =6 (7' —49).

7

This finishes the induction step. Since 7° = n'°%7, we are done. O

2 Computations and costs

2.1 Karatsuba’s algorithm

Let us start with a very simple computational problem, the multiplication of univariate polynomials of
degree one. We are given two polynomials ap 4 a1 X and by + b1 X and we want to compute the coefficients
o, c1,cp of their product, which are given by

(a0+a1 ~X> . (b0+b1 -X) :aobo+(a0b1 +a1b0)'X+dlb1 X2,
-~ — =~

=:C0 =] =

We here consider the coefficients of the two polynomials to be indeterminates over some field K. The
coefficients of the product are rational functions (in fact, bilinear forms) in ag,a;, bg, b1, so the following
model of computation seems to fit well. We have a sequence (wy,w, ..., wy) of rational functions such
that each wy; is either ag, ay, bg, or by (inputs) or a constant from K or can be expressed as w; = w; op wy
for indices j,k < i and op is one of the arithmetic operations -, /, 4, or —.

3 Asymptotically, this is o.k. For practical purposes, it is better to directly recurse if z is even and add a row and column with
zeros if n is odd.
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Here is one possible computation that computes the three coefficients ¢y, c1, and c;.

wp = ao,
wy = ar,
w3 = bo,
wy = by,
(co=) ws = wi-ws,
(c2=) we = wa-ws,
wy = Wwi+wa,
wg = W3+Wws,
w9 = W7-Wwg,
wio = Ws5+We,
(c1=) win = wo—wp.

The above computation only uses three multiplications instead of four, which the naive algorithm needs.
This is also called Karatsuba’s algorithm [20] 4 Like Strassen’s algorithm, it can be generalized to
higher degree polynomials. If we have two polynomials A(X) = Y ,a;X" and B(X) = i—obiX J with
n=2"—1, then we split the two polynomials into halves, that is, A(X) = Ao(X) +X"*1/24, (X) with
Ao(X) = 252461)/2—1 a; X' and A|(X) = Zggl)/z_l a(n+1)/2+,-Xi and the same for B. Then we multiply
these polynomials using the above scheme with Ag taking the role of ag and A taking the role of a; and
the same for B. All multiplications of polynomials of degree (n+ 1)/2 — 1 are performed recursively. Let
N(n) denote the number of arithmetic operations that the above algorithm needs to multiply polynomial
of degree < n. The algorithm above gives the following recursive equation

N(n)=3-N((n+1)/2—1)+0(n) and N(2)=7.

Similarly to the analysis of Strassen’s algorithm, one can show that N(n) = O(n'°%23). Karatsuba’s
algorithm again trades one multiplication for a bunch of additional additions which is bad for degree
one polynomials but good in general, since polynomial addition only needs n operations but polynomial
multiplication—at least when using the naive method—is much more expensive, namely, O(n?).

2.2 A general model

We provide a framework to define computations and costs that is general enough to cover all the examples
that we will look at. For a set S, let fin(S) denote the set of all finite subsets of S.

Definition 2.1 (Computation structure). A computation structure is a set M together with a mapping
Y: M x fin(M) — [0; 0] such that

1. im(7y) is well ordered, that is, every non-empty subset of im(7) has a minimum,
2. y(w,U)=0ifweU,
3. UCV=ywV)<ywU) forallwe M, U,V C fin(M).

4See [19] why Ofman is a coauthor and why this paper was not even written by Karatsuba.
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M is the set of objects that we are computing with. y(w,U) is the cost of computing w from U “in
one step.” In the example of polynomial multiplication of degree one in the previous subsection, M is the
set of all rational functions in ag,ay, bg,b;. If we want to count the number of arithmetic operations of
Karatsuba’s algorithm, then y(w,U) = 0 if w € U. (“There is no cost if we already computed w.”) We
have y(w,U) = 1 if there are u,v € U such that w = uopv. (“w can be computed from u and v with one
arithmetical operation.”) In all other cases y(w,U) = oo. (“w cannot be computed in one step from U.”)

Often, we have a set M together with some operations ¢ : M* — M of some arity s. If we assign to
each such operation a cost, then this induces a computation structure in a very natural way.

Definition 2.2. A structure (M, ¢1,¢»,...) with (partial) operations ¢; : M*/ — M and a cost function
¢:{01,0,...} — [0;00] such that im(¢) is well ordered induces a computation structure in the following
way:

YOn.U) o= min{e(95) | Fur, .-y, €U w0 = g5(ur.....u5)}

If the minimum is taken over the empty set, then we set y(w,U) = oo. If w € U, then y(w,U) = 0.

Remark 2.3 (for hackers). We can always achieve y(w,U) = 0 by adding the function ¢y = id to the
structure with ¢(¢p) = 0.

Definition 2.4 (Computation).

1. A sequence B = (wy,...,wy,) of elements in M is a computation with input X C M if

Vi<m: w;eX V y(w;,V;) <o where V; = {wi,....,wj_1}

2. B computes a set ¥ € fin(M) if in addition Y C {wy,...,wy, }

3. The cost of B is T'(B,X) = rzn‘, y(wj, V).
=1

In a computation, every w; can be computed from elements previously computed, i. e., elements in V;
or from elements in X (“inputs™). The cost of a computation is the sum of the costs of the individuals
steps.

Definition 2.5 (Complexity). The complexity of Y given X is defined by
C(Y,X) :=min{I'(3,X) | B computes Y from X }.
The complexity of a set Y is nothing but the cost of a cheapest computation that computes Y.
Notation 2.6.
1. If we compute only one element y, we will write C(y, X) instead of C({y},X) and so on.

2. If X = 0 or X is clear from the context, then we will just write C(Y).
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2.3 Examples
The following computation structure will appear quite often in these notes.

Example 2.7 (Ostrowski measure). Our structure is M = K(Xj,...,X,), the field of rational functions
in indeterminates Xi,...,X,. We have four (or three) operations of arity 2, namely, multiplication,
division, addition, and subtraction. Division is a partial operation which is only defined if the second
input is nonzero (as a rational function). If we are only interested in computing polynomials, we might
occasionally disallow divisions. For every A € K, there is an operation A- of arity 1, the multiplication
with the scalar A. The cost is given by:

Operation  Arity Cost

] 2 1
+, — 2 0
A 10

While in today’s computer chips, multiplication takes about the same number of cycles as addition,
Strassen’s algorithm and also Karatsuba’s algorithm show that this is nevertheless a meaningful way of
charging cost.

The complexity induced by the Ostrowski measure will be denoted by C*/, or C* if we disallow
divisions. In particular, Karatsuba’s algorithm yields C*/ ({co,c1,¢2},{ao,a1,bo,b1}) = 3. (The lower
bound follows from the fact, that cg,c1,c; are linearly independent over K.)

Example 2.8 (Addition chains). Our structure is M = N with the following operations:

Operation Arity Cost
1 0 0
+ 2 1

C(n) measures how many additions we need to generate n from 1.

Additions chains are motivated by the problem of computing a power X” from X with as few
multiplications as possible. We have logn < C(n) < 2logn. The lower bound follows from the fact that
we can at most double the largest number computed so far with one more addition. The upper bound is
the well-known “square and multiply” algorithm. This is an old problem from the 1930s, which goes
back to Scholz [26] and Brauer [6], but quite some challenging questions still remain open.

Research problem 2.9. Prove the Scholz-Brauer conjecture:
C2"—1)<n+C(n)—1 foralln € N.
Research problem 2.10. Prove Stolarsky’s conjecture [29]:
C(n) >logn+1log(g(n)) foralln e N,
where g(n) is the sum of the bits of the binary expansion of n. Schénhage [27] proved that

C(n) >logn+log(gq(n)) —2.13.
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3 Evaluation of polynomials

Let us start with a simple example, the evaluation of univariate polynomials. Our input are the coefficients

ap, - - - ,a, of the polynomial and the point x at which we want to evaluate the polynomial. We model them
as indeterminates, so our set M = Ky(ao, ...,a,,x). We are interested in determining C(f, {ao, ..., an,x})
where

f=ay+tax+---+ax" EKo(ao,...,an,x).

A well known algorithm to compute f is Horner’s scheme. We write f as
f = ((anx‘i‘anfl)x—i-an,z)x_k c4ap.

This representation immediately gives a way to compute f with n multiplications and » additions. We will
show that this is best possible: Even if we can make as many additions/subtractions as we want, we still
need n multiplications/divisions. And even if we are allowed to perform as many multiplications/divisions
as we want, n additions/subtractions are required. In the former case, we will use the well-known
Ostrowski measure. In the latter case, we will use the so-called additive complexity, denoted by Cct,
which is “the opposite” of the Ostrowski model. Here multiplications and divisions are for free but
additions and subtractions count.

Operation Costs
c/ ct
-/ 1 0
+, — 0 1
A 0 0
pPE Ko(x) 0 0

We will even allow that we can get elements from K := K(x) for free (operation with arity zero).
So we, e. g., can compute arbitrary powers of x at no cost. (This is a special feature of this section. In
general, this is neither the case under the Ostrowski measure nor under the additive measure.)

Theorem 3.1. Let ay, . .. ,a,,x be indeterminates over Ky and f = ag+ayx+ -+ -+ a,x". Then C*/(f) >n
and C(f) > n. This is even true if all elements from Ko(x) are free of cost.

The question about the optimality of Horner’s scheme was raised by Ostrowski [23]. It is one of the
founding problems of algebraic complexity theory. It took one decade until Pan [24] was able to prove
that Horner’s scheme is optimal with respect to multiplications. Prior to this, Motzkin [22] proved that it
is optimal with respect to additions. We will prove both results in the next two subsections.

3.1 Multiplications

The first statement of Theorem 3.1 is implied by the following lower bound due to Winograd [37].
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Theorem 3.2. Let Ky C K be fields, Z = {z,...,2,} be indeterminates and F = {f,..., fn} where
n
fu= Y Puviv+quwith puy,qu € K, 1 < < m. Then C*/(F,Z) > r —m where
v=1

pit -~ pwm 1 ... 0
r = col-rkg, ool :

Pmi -+ Pmn O ... 1
We get the first part of Theorem 3.1 from Theorem 3.2 as follows: We set

K = Ko(x),

v = a4y,

m=1,

h=r,
pv=x", 1<v<n,
q1 =4aop-

Then P = (x,x?,...,x",1) and col-tkg, P = n+1.> We get C*/(fl,{ao,...,an}) >n+1—1=nby
Theorem 3.2.

Proof of Theorem 3.2. The proof is by induction in n.
Induction start (n = 0): We have
1

P:

and therefore, r = m. Thus C*/(F) > 0= r—m.

Induction step (n — 1 — n): If r = m, then there is nothing to show. Thus we can assume that r > m. We
claim that in this case, C*/ (F,Z) > 1. This is due to the fact that the set of all rational functions that can
be computed with zero cost is

Wo={weK(z1,....,2m) | CW,Z) =0} = K+ Koz1 + Kozo + - - - + Koz -

(Clearly, every element in Wy can be computed without any cost. But Wj is also closed under all operations
that are free of cost.) If r > m, then there are y and i such that p, ; Z K and therefore f,  Wj.

W.1. 0. g. Ky is infinite, because if we replace Ky by Ky(z) for some indeterminate 7, the complexity
cannot go up, since every computation over K is certainly a computation over Ko (¢). W.1l.o.g. f,, #0
forall1 < u <m.

Let B = (wi,...,wy) be an optimal computation for F and let each w) = p; /g, with py,q; €
Kolzi,...,24). Let j be minimal such that y(w;,V;) = 1, where V; = {w,...,w;_1}. Then there are

u,v € Wy such that
u-v or
Wj:
u/v.

SRemember that we are talking about the rank over Ko. And over Ky, pairwise distinct powers of x are linearly independent!
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By definition of Wy, there exist ¢,...,Q, € Ko, b € K and y1,...,7%, € Ko, d € K such that

oyzy + b,
1

n
u=

1%

V= Z Wy +d.
v=1

Because b-d,b/d € Wy, there is a v; such that o, # 0 or there is a v, such that 7, # 0. W.1l.0. g.
Vi=nor vy, =n.

Now the idea is the following. We define a homomorphism S : M’ — M where M’ is an appropriate
subset of M and M = K|z1,...,2,—1] in such a way that

C(S(f]),...,S(ﬁn>) SC(f],...,fm)—l.

Such an S is also called a substitution and the proof technique that we are using is called the substitution
method. Then we apply the induction hypothesis to S(f1),...,S(fu)-
Case 1: wj = u-v. We can assume that ¥, # 0. Our substitution S is induced by

1 n—1
g B ).
0

Iy — 2y forlgvgn—l.

The parameter A will be chosen later. We have S(z,) € Wy, so there is a computation (xp,...,x;) computing
zn at no cost. In the following, for an element g € K(zy,...,2,), we set § := S(g). We claim that the
sequence
B=( Xi,....% ,Wi,...,W)
——

compute z, for free

is a computation for fi,..., f,,, since S is a homomorphism. There are two problems that have to be fixed:
First z,, (an input) is replaced by something, namely Z,, that is not an input. But we compute Z, in the
beginning. Second, the substitution might cause a “division by zero,” i. e., there might be an i such that
@i = 0 and then w; = p;/g; is not defined. But since ¢; considered as an element of K(zi,...,z,—1)|zx]
can only have finitely many zeros, we can choose the parameter A in such a way that none of the g; is
zero. (K is infinite!)

By definition of S,

! (f'

thus

This means that
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and
C'/(F,Z)=T(B,Z2)>T(B,Z)+1 > col-tkg,P—m+1.

induction
hypothesis

It remains to estimate col-rkg, P. We have

n—1

fu= Z Puviv +qu,
v=1
_ W
Puv = Puv — —Pun,
Ya

_ Pun
qu = qu — ;(A_d)'

n

Thus P is obtained from P by adding a Ky-multiple of the nth column to the other ones and then deleting
the nth column. Therefore, col-rkg, P > r— 1 and c*/ (F,Z) >r—m.

Case 2: wj=u/v. If ¥, # 0, then ¥ = A € Kj and the same substitution as in the first case works. If
Y = 0 for all v, then v =d and o, # 0. Now we substitute

1 n—1
Zn— —(Ad — Z ayzy —b),
O v=1

Zy > 2y forl<v<n-—1.

Then it = Ad and w; = ii/v = A € Ky. We can now proceed as in the first case. O

3.1.1 Further applications

Here are two other applications of Theorem 3.2.

Several polynomials

We can also look at the evaluation of several polynomials at one point x, i. e., at the complexity of

Ty
fux) =Y auyx”, 1<u<m.
v=0
Here the matrix P looks like
x X2 .m0 0 ... 0 0 0 0o |10 ... 0
0 0 ... 0 x x* ... xn 0 0 0O |01 ... 0
P= )

00 .. 00O .. 0 ... xxx..xX" 100 1

and we have col-rkg, P = ny +na + -+ - 4+ n,, +m. Thus

C*/(flw'-afm)an+n2+"'+nma

that is, evaluating each polynomial using the Horner scheme is optimal. On the other hand, if we want to
evaluate one polynomial at several points, this can be done much faster, see [8].
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Matrix vector multiplication

Here, we consider the polynomials fi, ..., fi, given by
am ... ai\ [(x fi
Aml -+ Amk Xk Sm

The matrix P is given by

X1 X2 ... Xk 0 0 0 0 0 0 1 0 0

0 0 ... 0 x1 x» ... xx 0 0 0 |01 0
P= .

o o0 ... 00 O ... 0 .... xx % ... x% |00 ... 1

Thus col-rkg, (P) = km+m and
C/(fiyeeesfn) = mk.

This means that here—opposed to general matrix multiplication—the trivial algorithm is optimal.

3.2 Additions

The second statement of Theorem 3.1 follows from the Theorem 3.3 below. We need the concept of
transcendence degree. If we have two fields K C L, then the transcendence degree of L over K, tr-degy (L)
is the maximum number ¢ of elements ay,...,a; € L such that ay,...,a, do not fulfill any algebraic relation
over K, that is, there is no -variate polynomial p with coefficients from K such that p(ay,...,a;) = 0.5

Theorem 3.3. Let Ky be a field and K = Ko(ao, ... ,a,). Let f =ap+ -+ a,x". Then
C*(f) > tr-degg (ao, a1, ... a,) — 1.

Proof. Let B = (wy,...,w() be a computation that computes f. W.1.o.g. wy #Oforall 1 <A </.
We want to characterize the set W,, of all elements that can be computed with m additions. We claim
that there are polynomials g;(x,z1,...,z;) and elements §; € K, 1 <i < m such that

Wo = {bx" | to € Z,b € K} and
W = {bx° f1(x)"" ... fu(x)™ | t; € Z,b € K}

where fi(x) = gi(x,21,--+,2) |;,5¢,,...s¢» 1 < i < m. The proof of this claim is by induction in .
Induction start (m = 0): clear by construction.

Induction step (im — m—+1): Let w; = u v be the last addition/subtraction in our computation with m+ 1
additions/subtractions. u,v can be computed with m additions/subtractions, therefore u,v € W,, by the
induction hypothesis. This means that

wi = b f1 (X)L f ()" £ ex® £ (x)° L ()

%Note the similarity to dimension of vector spaces. Here the dimension is the maximum number of elements that do not
fulfill any linear relation.
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W.1.0.g. b # 0, otherwise we would add 0. Therefore,

c )
w; = b(xtogtl1 gi;,” + Z'Xsogil ) |Z1*>C17-~->Zm‘>Cm :
We set
gm1 = (8] ... g £z xVg) g
Then
) c
w; = bgmy1 ’mﬁgh...,z,nﬂﬁgmﬂ with Cm+1 - 5

This shows the claim.
Since w; was the last addition/subtraction in 8 for every j > i, w; can be computed using only

multiplications and is therefore in W, ;. Since the g; depend on m + 1 variables zi,...,Z,+1, the
polynomials f; have transcendence degree at most m + 1. Henceforth, the transcendence degree of the
coefficients of f is at most m + 1, since they are polynomials in the f;. O

Exercise 3.4. Show that the additive complexity of matrix-vector multiplication is m(k — 1) (multiplica-
tion of an m X k-matrix with a vector of size k, see the specification in the previous section). Thus the
trivial algorithm is optimal.

4 Bilinear problems

Let K be a field and let M = K (x, ..., xy). We will use the Ostrowski measure in the following. We will
ask questions of the form

C*(F)=1
where F = {f1,..., fx} is a set of quadratic forms,

N

Jfe= Z LepvXuXv , I<x<k.
wv=l1

Most of the time, we will consider the special case of bilinear forms, that is, our variables are divided into
two disjoint sets and only products of one variable from the first set with one variable of the second set
appear in fy.

The “three dimensional array” ¢ := (teuv) k=1, k=1~ € KNV is called the tensor correspond-
ing to F. Since x,xy = xyxy, there are several tensors that represent the same set F. A tensor s is
symmetrically equivalent to t if

SK[JV +sKvu :tKH.V +tKV[.L fOI' all K, ‘LL, V.

Two tensors describe the same set of quadratic forms if they are symmetrically equivalent.
The two typical problems that we will deal with in the following are:
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apg ay ay as
bp| 1 |2 |3 ] 4
by | 2|3 |45
b | 314|516
by | 4|5 |67

Figure 1: The tensor of the multiplication of polynomials of degree three. The rows correspond to the
coefficients of the first polynomial, the columns to the coefficients of the second. The tensors consist of 7
layers. The entries of the tensor are from {0, 1}. The entry ¢ in position (i, j) means thatf; j, =1, i.e.,
a;-bj occurs in ¢y.

X1,1 X122 X2.1 X272
yip | (1,1) (2,1)
2,1 (171) (271)
Y1,2 (1,2) (272)
2,2 (172) (272)

Figure 2: The tensor of 2 x 2-matrix multiplication. Again, it is {0, 1 }-valued. An entry (k, V) in the row
(%, 1) and column (u,v) means that x, ,yy v appears in fi y.

Matrix multiplication: We are given two n x n-matrices x = (x;;) and y = (y;;) with indeterminates as
entries. The entries of xy are given by the well-known quadratic (in fact bilinear) forms

n
fij:inkija 1<i,j<n.
=1

Polynomial multiplication: Here our input consists of two polynomials p(z) = Y7 a7 and ¢(z) =
Z?:o b jzj . The coefficients are again indeterminates over K. The coefficients ¢y, 0 < ¢ < m+n of
their product pq are given by the bilinear forms

cr = Z ab;, 0</l<m+n.
itj=t

Figure 1 shows the tensor of multiplication of degree 3 polynomials. It is shown as an element of
K7 Strictly speaking, it would be an element of K3*8*7_ But since polynomial multiplication is a
bilinear map, the rest of the entries are zero. We will look at tensors of bilinear maps in this way in the
following. Figure 2 shows the tensor of 2 x 2-matrix multiplication. It lives in K**#*4,

4.1 Vermeidung von Divisionen

Strassen [32] showed that for computing sets of quadratic forms, divisions do not help (provided that the
field of scalars is large enough). For a polynomial g € K[xi,...,xy|, Hj(g) denotes the homogenous part
of degree j of g, that is, the sum of all monomials of degree j of g.
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N

Theorem 4.1. Let Fy = Y. tiyyxpxy, 1 <k <k and F = {F,...,F}. If #K = o0 and C*/ (F) < {
u,v=1

then there are products

N N
Py = (Z“Mxi) (ZVMXI') ; 1<A<Y,
i=1 i=1

such that F C ling{P,,...,P;}. In particular, C*(F) = C*/ (F).

Note that each factor of the products is a linear form in the variables that is free of cost. We can write
each Fy as a linear combination of the products, again at no cost.

Proof. Let B = (wy,...,wr) be an optimal computation for F, w.1.0.g. 0 ¢ F and w; # 0 forall 1 <;<L.
Letw; = gi/hi with gi,hi € K[X] yenn ,XN], hi, gi 75 0.
As a first step, we want to achieve that

Ho(gi)#O#Ho(hi), 1§1§L

We substitute
Xi— X —Q;, 1<i<N

for some «; € K. Let the resulting computation be § = (Wy,...,wr) where w; = g;/h;,

Zi(X1,...,%n) =gi(x1+ap,...,xy+ ay) and  hi(X1,.. 0v) = hi(a o, xn o).
Since fi € {wi,...,wL},

fe(®, . in) = fe(F1+ar, .. dy +oy) € {wy,...,wr}.
Because
N N

fie(®1, ..., Xn) = Z tepuvEufy = Z fuvXuXy + terms of degree < 1,
u,v=l1 u,v=1
we can extend the computation 3 without increasing the cost such that the new computation computes
fie(x1,...,xn), 1 < k < k. All we have to do is to compute the terms of degree one, which is free of cost,
and subtract them from the fK()El ,...,%N), which is again free of cost. We call the resulting computation
again f3.
By the following well-known fact, we can choose the @; in such a way that all Hy(g;) # 0 # Ho(h;),

since H()(g,') = g,-(OCl,. . .,OCN) and H()(h,') = hi(ocl, .. .,OCN).

Fact 4.2. For any finite set of polynomials ¢1,...,¢,, ¢; # 0 for all i, there are Qy,...,0n € K such that
o;(a,...,ay) # 0 for all i provided that #K = .’

"Hint:

if type = mathematician then
return “It’s an open set!”

else if type = theoretical computer scientist then
use the Schwartz-Zippel lemma

else
prove it by induction on n

end if
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Next, we substitute

Xi — Xz, 1<i<N.
Let § = (W1,...,w;) be the resulting computation. We view the ; as elements of K (x1,...,xy)|[z]], that
is, as formal power series in z with rational functions in x1, ..., xy as coefficients. This is possible, since

every w; = g;/h;. The substitution above transforms g; and /; into the power series
gi = Ho(g:) + H(8i)z + Ha(8)2 + -+ and
}Nli = Ho(f_li) + H, (}_li)z—i-Hz(f_li)Zz R

By the fact below, /; has in inverse in K (x1, ..., xy)|[z]] because Hy(h;) # 0. Thus ; = g;/h; is an element
of K(x1,...,xy)[[z]] and we can write it as
w; = ci+c;z+c;'zz+-~ :
Fact 4.3. A formal power series Y-y aiz' € L[[z]] is invertible iff ag # 0. Its inverse is given by
1
—(I4+q+q*+-)
ap
where g = — Y.y 78
Since in the end, we compute a set of quadratic forms, it is sufficient to compute only w; up to degree
two in z. Because ¢; and ¢/ can be computed for free in the Ostrowski model, we only need to compute ¢}
in every step.
First case: ith step is a multiplication. We have
Wi=i-v=(ut+uz+u"?+. v+ VP +..).

We can compute

" " 1! "
C;, = u v uv u v
i ~—~ + + ~—~
€K ek
—— ——
free of cost free of costs

with one bilinear multiplication.
Second case: ith step is a division. Here,

i
W=~
v
u—i—ulz—i—u”z—i—...
VRV
—(utuztu 4. )A=VzHv 2+ )+ 0+ =+ ) +..).
Thus
,/7 I/_//_ _N 12: //_ /_ / / n
¢ =u —uv —u(—v +(v))=u —(u w v+ uv
free of costs free of costs
can be computed with one costing operation. O

iage 1L yoe i
8Hlnt. q = Zl':() ql.
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4.2 Rank of bilinear problems

Polynomial multiplication and matrix multiplication are bilinear problems. We can separate the variables
into two sets {xi,...,xy} and {y,...,yy} and write the quadratic forms as

M N
fe= 2 X teuvxuv, 1 <k<k.
u=1v=1

The tensor (fxuy) € K¥*M*N js unique once we fix a ordering of the variables and quadratic forms and
we do not need the notion of symmetric equivalence.

Theorem 4.1 tell us that under the Ostrowski measure, we only have to consider products of linear
forms. When computing bilinear forms, it is a natural to restrict ourselves to products of the form linear
form in {xj,...,x) } times a linear form in {yj,...,yn}.

Definition 4.4. The minimal number of products

M N
Py= (Y wpwxy) (X vavyv), 1<A <
u=1 v=I
such that F C lin{Py,..., P} is called rank of F = {Fy, ..., F;} or bilinear complexity of F. We denote it
by R(F).

We can define the rank in terms of tensors, too. Let t = (twv) be the tensor of F' as above. We have

R(F) < { < there are linear forms uy,...,up in xy,...,xy
and vy,...,vginyq,...,yy such that F C lin{u;vy,...,upv}
Sthereare wy, €K, 1 <A </, 1 <k <k,
! ‘ M N
such that f, = Z WacUpVy = w;LK( Z u;mxu) (Z v,wyv), 1<k<k.
A=1 A=1 u=1 v=1
Comparing coefficients, we get

[
feuv = Y, WaklauVay » 1<k<k,1<u<M,1<v<N.
A=1

Definition 4.5. Let w € K, u € KM, v € KV. The tensor w@u®v € K&M*N with entry wyuyvy in
position (x, i, V) is called a triad.

From the calculation above, we get

R(F) < { < there are wy,...wy eK* up...upe KM, and vy ...vy € KV such that

4

t = (txuv) = Zw,1®u,1®v,1.
—_——

A=l triad
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We define the rank R(¢) of a tensor 7 to be the minimal number of triads such that ¢ is the sum of these
triads.® To every set of bilinear forms F there is a corresponding tensor ¢ and vice versa. As we have
seen, their rank is the same.

Example 4.6 (Complex multiplication). Consider the multiplication of complex number viewed as an
R-algebra. Its multiplication is described by the two bilinear forms fy and f; defined by

(x0 +x17) (o +y1i) = x0y0 — x1y1 + (X0y1 +x1¥0) 1.
fo bil

It is clear that R( fy, f1) < 4. But also R(fo, f1) < 3 holds. Let

Py = xopyo,
P =x1y1,

Py = (xo+x1)(Yo+y1)-

Then

Jo =P1 —Pz,
fi= -b.

This is essentially Karatsuba’s algorithm. Note that C = K[X]/(X? + 1). We first multiply the two
polynomials xq 4 x1X and y + y1X and then reduce modulo X> — 1, which is free of cost in the bilinear
model.

Multiplicative complexity and rank are linearly related.

Theorem 4.7. Let F = {fi,..., fx} be a set of bilinear forms in variables {xi,...,xp} and {y1,...,yn}.
Then

C*/(F) <R(F) <2C*/(F).

Proof. The first inequality is clear. For the second, assume that c/ (F) = ¢ and consider an optimal
computation. We have

fie= Z Wik Z UppuXp + Z Uy Yv) Z VauXu t Z VAvv)

A=1 u=1
M

4
= Z Z l/ll’u.x” Z Vlvyv + Z WZ,K Z V)Luxlvl Z I/l)wyv

The terms of the form x;x; and y;y; have to cancel each other, since they do not appear in f. O

9Note the similarity to the definition of rank of a matrix. The rank of a matrix M is the minimum number of rank-1 matrices
(“diads”) such such that M is the sum of these rank-1 matrices.
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Example 4.8 (Winograd’s algorithm [36]). Do products that are not bilinear help in for the computation
of bilinear forms? Here is an example. We consider the multiplication of M x 2 matrices with 2 x N
matrices. Then entries of the product are given by

Suv =Xu1yiv +xu2y2v -
Consider the following MN products
(X1 +y2v) (2 +y1y)  1<pu <M, 1<v<N.
We can write

f,uv = (xul +}’2v)(xu2 +}’1v) —XulXu2 — YivY2v,

thus a total of MN + M + N products suffice. Setting M = 2, we can multiply 2 X 2 matrices with 2 X n
matrices with 3N + 2 multiplications. For the rank, the best we know is |3 %N | multiplications, which we
get by repeatedly applying Strassen’s algorithm and possibly one matrix-vector multiplication if N is odd.

Waksman [34] showed that if char K # 2, then even MN + M + N — 1 products suffice. We get that
the multiplicative complexity of 2 x 2 with 2 X 3 matrix multiplication is < 10. On the other hand,
Alekseyev [1] proved that the rank is 11.

S The exponent of matrix multiplication

In the following (k,m,n) : K¥*™ x K™ — K¥*" denotes the bilinear map that maps a k x m-matrix A
and an m X n-matrix B to their product AB. Since there is no danger of confusion, we will also use the
same symbol for the corresponding tensor and for the set of bilinear forms

{

Definition 5.1. ® = inf{f | R((n,n,n)) < O(nP)} is called the exponent of matrix multiplication.

m

XK'MYH_V
=1

1< Kk<Kk, 1§v§n}.
u

In the definition of @ above, we only count bilinear products. For the asymptotic growth, it does not
matter whether we count all operations or only bilinear products. Let @ = inf{ | C((n,n,n)) < O(nf)}

with ¢(£) = ¢(x/) = ¢(A) = L.
Theorem 5.2. ® = @, if K is infinite.
Proof. @ < @ is obvious. For the other inequality, note that from the definition of w, it follows that there

is an o such that
Ve >0:3my>1:Ym>mg: R((mym,m)) < a-m"*e.

Let € > 0 be given and choose such an m that is large enough. Let r = R((m,m,m)).

To multiply m' x m'-matrices we decompose them into blocks of m'~! x m~!-matrices and apply
recursion. Let A(i) be the number of arithmetic operations for the multiplication of m’ x m‘-matrices with
this approach. We obtain

A() < rA(i—1) +cm?=D
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where c is the number of additions and scalar multiplications that are performed by the chosen bilinear
algorithm for (m,m, m) with r bilinear multiplications. Expanding this, we get

J:0m2]
r\i—1
()
—r’A(O)—#—cmz(’*l) m
.
-1
Al _ 21
=rA(0 ?
r ()+cm B
2
cm . c
— (A0 ) i 2.
( ()+r(r—m2) A ——

NV
constant

(Obviously, r > m?. But it is also very easy to show that r > m?, so we are not dividing by zero.) We
have C((n’,n’,n')) < C((n,n,n)) if n’ < n. (Recall that we can eliminate divisions, so we can fill up with
zeros.) Therefore,

C( n n ]/l S C m IOgmn] IOgmn—I,mDOgmn—‘ >)
< A([log,,nl)
= o(roznn1)
— O(FIOgmn)
— O(nlogmr)

Since r < ot - m®*€, we have log,, r < ®+ € +log,, o. With &’ = € + log,, @,
C((n,n,n)) = O(n'°=") = O(n®*+¢).

Thus
O<w+e forall € >0,

since log,, &¢ — 0 if m — oo. This means @ = ®, since @ is an infimum. O

To prove good upper bounds for w, we introduce some operation on tensors and analyze the behavior
of the rank under these operations.

5.1 Permutations (of tensors)

Lett € KF*mxn and ¢ = j-zltj with triads t; = aj1 ®ajp®aj3, 1 < j <r. Let T € S3, where S3 denotes
the symmetric group on {1,2,3}. For a triad #;, let 7otj = a7 1(1) ®djz-1(2) @A jz-1(3) and 7t = Y| 7t ;.
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Figure 3: Permutation of the dimensions.

it is well-defined. To see this, lett = Y7, b1 ® bip ® bz be a second decomposition of . We claim that

Zaﬂr—l ) D jg-1(2) @ ajg-1(3) me-—l ®bm—1( )®bin—1(3) .
Letaji = (aji1,...,ajk) and bjy = (bj11,...,bjx) and let ajo, aj3, bip, and bj3 be given analogously.
We have
.
leiere; = Z Ajle; *Aj2e, " Aj3ey = Zb11e| *Di2e, - 1363 .

j=1
Thus

,

Teyeres = Zlajﬂ"(l)erlu) A 2)eg 1) T B)ep )
]:

S
= Zbirl(l)eﬂ,l(l) -binﬂ(z)erlu) -bm—l(s)en,l(3> :

The proof of the following lemma is obvious.
Lemma 5.3. R(t) = R(mt).

Instead of permuting the dimensions, we can also permute the slices of a tensor. Let t = (t;j¢) €
KPm<n and 6 € Si. Then, for 1" = (tg(;)0), R(t") = R(t).

More generally, let A : K¥ — K¥,B:K™ — K" and C: K" — K" be homomorphisms. Letz =Y, 7;
with triads 1; = aj; ®ajp, ®aj3. We set

<A®B®C)tj :A(aj1)®B(aj2)®C(aj3)

and
-

(ARBRC)t =Y (A®B®C);.
j=1
By looking at a particular entry of ¢, it is easy to see that this is well-defined.
The proof of the following lemma is again obvious.
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Figure 4: Permutation of the slices.

Lemma 54. R(A®B®C)t) <R(t).

Equality holds if A, B, and C are isomorphisms. How does the tensor of matrix multiplication look
like? Recall that the bilinear forms are given by

The entries of the corresponding tensor

(teppvvie) = 1 € KUxm)xmxm)x(nxk)

are given by

tl(ﬂ7[1\77\/l_( = 61‘(K5ﬂu5\7v
where §;; is Kronecker’s delta. (Here, each dimension of the tensor is addressed with a two-dimensional
index, which reflects the way we number the entries of matrices. If you prefer it, you can label the entries
of the tensor with indices from 1,...km, 1,...mn, and 1, ... ,nk. We also “transposed” the indices in the

third slice, to get a symmetric view of the tensor.)
Let 7 = (123). Then for 7t =: ¢/ € K(»<R)xkxm)x(mxn) ‘e have

/

By = Ovv Ok Oy
= 51'(K5ﬂu6\'/v
= tvql,u\'/,vfc-

Therefore,

R((k,m,n)) = R({n,k,m)) = R({m,n,k)).
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Figure 5: Sum of two tensors.

Now, let 1" = (tu va,kv). We have R(r) = R(1"), since permuting the “inner” indices corresponds to
permuting the slices of the tensor.
Next, let T = (12)(3). Let mit” =: " € K{wm)x(mxk)x(kxn) e have,

Therefore,

The second transformation corresponds to the well-known fact that AB = C implies BTAT = CT.

n

Typukxv = 5u7ﬂ51<,-f<5v7v

= Tkp,pv, vk -

R((k,m,n)) = R({n,m,k)).

To summarize:

Lemma 5.5. R((k,m,n)) = R((n,k,m)) = R((m,n,k)) = R((m,k,n)) = R((n,m,k)) = R((k,n,m)).

5.2 Products and sums

Lett € K*m<n and ¢ € K¥*m' <1 The direct sum of t and t', s :=t ®¢' € K*k+*)x(mtm')x(n+n) g defined

as follows:

Skuy = t;C—k[.L—m.V—n iftk+1<k<k+k,m+1<pu<m+m,n+1<v<n+n,

ficuv f1<k<k1<u<ml1<v<n,

0 otherwise.

Lemma 5.6. R(r®1t") <R(t)+R(t').

Proof. Lett= Y u; @v;@w;andt’ =
=1

-
U, @vi@wl. Let
i= i=1
ﬁi:(uila"'7uikvoa”'vo) and
—_—
Uu; 14
N / /
U = (07"' 0,045y, 7uik)
—— —

k ul

i
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Pt

[

Figure 6: Product of two tensors.

and define ¥;, w; and ¥}, W analogously. An easy calculation shows that

r v

1ot =Y G0 W+ ) 40w,
i=1 j=1

which proves the lemma. O

Research problem 5.7 (Strassen’s additivity conjecture). Show that for all tensors ¢ and ¢/, R(t ©1') =
R(t) +R(1'), that is, equality always holds in the lemma above.

The tensor product t @t € K xmm' >’ of two tensors 1 € K™= and ¢/ € K¥*™*"" is defined by

/ !
191 = (tK.UV tk/p/v/)lgicgk,lgx’gk’
1<u<m,1<p'<m’
1<v<n, 1<V <n’

It is very convenient to use double indices k, k¥’ to “address” the slices 1,...,kk" of the tensor product.
The same is true for the other two dimensions.

Lemma 5.8. R(r®1") <R(t)R(1').

r r
Proof. Lett = '21 u;Qv;@w; and t’' = Py U, @vi@w. Let

1= i=1
/. / kk'
ui®uj = (Mi;cujx/)lgxgk,lgx’gk’ e K™ .
In the same way we define v; ® v’j, w; ® w;.. We have

/ / / ! / /
(w; @u;) @ (vi V) @ (Wi @W;) = (Uiscl jyr * ViV jyr * WivWiyr )1 <<k 1 <<
1<u<m, 1<’ <m’
1<v<n,1<v/<n’

e Kkk/xmm’xnn’ gK(kxk’)x(mxm’)x(nxn/)

THEORY OF COMPUTING LIBRARY, GRADUATE SURVEYS 5 (2013), pp. 1-60 23


http://dx.doi.org/10.4086/toc
http://dx.doi.org/10.4086/toc.gs

MARKUS BLASER

and
v r 7
/ / /
Y ) (i 1@ v V) © (wi@w)) =) ) “iK“jK’Vi[,LVj“’WiVWiv’)lglcgk,lgk’gk’
i=1j=1 i=1j=l1 1<u<m, 1<p <m’
1<v<n, 1<V <n’
( Z ulK'vll,LWlV Z UjV Jﬂ jV )lgkgk,lgtc’gk’
1<pu<m, 1<p <m'
~ 1<v<n,1<vV/<n’
Tenv t;/#/\,/
=ttt
which proves the lemma. O
For the tensor product of matrix multiplications, we have
(k,m,n) @ (K',m',n") = (8« 8vv i S Oy

( K/K/S,uusu p’5vv5v v/)

= (5<x,:<’>,<f<,f<'>5<u,u'>,<ﬂ.,ﬂ'>5<v,v'>,<v,v'>)
= <kk’,mm/,nn'> .

Thus, the tensor product of two matrix tensors is a bigger matrix tensor. This corresponds to the
well known identity (A® B)(A’ ® B') = (AA’ ® BB') for the Kronecker product of matrices. (Note that
we use quadruple indices to address the entries of the Kronecker products and also of the slices of
(k,m,n) @ (k',m’ ,n’).) It follows that the inequality in Lemma 5.8 can be strict. We have R((2,2,2)) =
but there are faster ways to multiply matrices than Strassen’s algorithm.

Using this machinery, we can show that whenever we can multiply matrices of a fixed format
efficiently, then we get good bounds for .

Theorem 5.9. If R((k,m,n)) <r, then ® < 3-log,,, I

Proof. 1If R((k,m,n)) <r,then R((n,k,m)) <rand R((m,n,k)) <rby Lemma 5.5. Thus, by Lemma 5.8,

R({k,m,n) @ (n,k,m) @ (m,n,k)) < r

=(kmn kmn kmn)

and, with N = kmn,
R(<Ni,Ni,Ni> < r3i — (N310gNr)i _ (Ni)3logNr

for all i > 1. Therefore, @ < 3logy r. O]

Example 5.10 (Matrix tensors of small format). What do we know about the rank of matrix tensors of
small formats?

R((2,2,2)) <7 = 0 <3-log;:7=1log,7~2.81.
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* R((2,2,3)) < 11. (This is achieved by doing Strassen once and one trivial matrix-vector product.)
This gives a worse bound than 2.81. A lower bound of 11 is shown by [1].

* 14 <R((2,3,3)) < 15, see [8] for corresponding references.

* 19 <R((3,3,3)) < 23. The lower bound is shown in [5], the upper bound is due to Laderman [21].
(We would need < 21 to get an improvement.)

* R((70,70,70)) < 143.640 [25]. This gives @ < 2.80. (Don’t panic, there is a structured way to
come up with this algorithm.)

Research problem 5.11. What is the complexity of tensor rank? Hastad [17] has shown that this problem
is NP-complete over IF, and NP-hard over Q. What upper bounds can we show over Q? Over R, the
problem is decidable, even in PSPACE, since it reduces to the existential theory over the reals.

6 Border rank

Over R or C, the rank of matrices is semi-continuous. Let

R SA]' — A= hmA]

j—eo

If for all j, rk(A;) <r, thenrk(A) < rasrk(A;) <rmeans all (r+ 1) x (r+ 1) minors vanish. But since
minors are continuous functions, all (r+ 1) x (r+ 1) minor of A vanish, too.

The same is not true for 3-dimensional tensors. Consider the multiplication of univariate polynomials
of degree one modulo X?:

(ao —l—mX)(bo —l—le) = aogby + (a1b0 +aob1)X —I—a1b1X2 .

The tensor corresponding to the two bilinear forms agbg and a;bg + agb; has rank 3:

10 01
010 110

To show the lower bound, we use the substitution method. We first set ag = 0, by = 1. Then we still
compute a;. Thus there is a product that depends on a;, say one factor is aag + fa; with  # 0. When
we replace a; by —%ao, we kill one product. We still compute

o
aopbg and — —apbg + apb .

B

Next, set ag = 1, bg = 0. Then we still compute b;. We can kill another product by substituting b; as
above. After this, we still compute agbg, which needs one product.
However, we can approximate the tensor above by tensors of rank two. Let

t(e)=(1,&)®(1,6)®(0,1)+(1,0)®(1,0)® (1,—1).

t(€) obviously has rank two for every € > 0. The slices of #(&) are
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Thus (g) —tif € — 0.
Bini, Capovani, Lotti and Romani [4] used this effect to design better matrix multiplication algorithms.
They started with the following partial matrix multiplication:
212
111

< X111 X12 > < yir | Yz > _ ( 211
X21  X22 Y21 Y22 -\ 2
where we only want to compute three entries of the result. We have R({z1,z12,221}) = 6 but we can
approximate {z;1,z12,221 } with only five products.

That the rank is six can be shown using the substitution method. Consider zj5. It clearly depends on
V12, so there is (after appropriate scaling) a product with one factor being yi2 + £(y11,y21,y22) wWhere £ is
a linear form. Substitute y;» — —£(y11,y21,y22). This substitution only affects zj,. After this substitution
we still compute 7o = x11(—€(y11,Y21,¥22)) + X12y22. Z12 still depends on y;;. Thus we can substitute
again yy» — —¢(y11,y21)- This kills two products and we still compute z;,z;. But this is nothing else
than (2,2,1), which has rank four.

Consider the following five products:

1= (xi2+€x22)y21 5
p2=x11(y11 + €y12),

p3 = x12(y11 +y21 +€y2),
P4 = (x11 +x12 +€x21)y11,
ps = (x12+€x21) (Y11 +€y2) -

We have

€211 = €p1 +€pa+ O(€%),
€212 = pr— pa+ps + O(€2),
€221 = p1 — p3+ ps +O0(€%).

Here, O(&) collects terms of degree i or higher in €. Now we take a second copy of the partial matrix
multiplication above, with new variables. With these two copies, we can multiply 2 X 2-matrices with
2 x 3-matrices (by identifying some of the variables in the copy). So we can approximate (2,2,3) with 10
multiplications. If approximation would be as good as exact computation, then we would get @ < 2.78
out of this, an improvement over Strassen’s algorithm.

We will formalize the concept of approximation. Let K be a field and K[[€]] =: K. The role of the
small quantity € in the beginning of this section is now taken by the indeterminate &.

Definition 6.1. Let h € N, t € Kkxmxn,

1. Ry(t) =min{r | 3u, € K[e]*,vp € K[e]",wp € K[€]": ¥ up @vp@wp ="t +0(e")}.
p=1
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2. R(t) = rrzin Ry (1). R(t) is called the border rank of t.
Remark 6.2.
1. Ro(t) =R(1).

2. Ro(t) > Ry(t) > --- =R(1).

3. For Ry,(t) it is sufficient to consider powers up to €" in up,vp,wp.

Theorem 6.3. Lett € KX 1" € KX We haye
1. V€ S3: Ry(mt) = Ry(1).
2. Ruax{n iy (t &1') < Ry(t) + Ry (1)
3. Ry (t@t) <Ru(t) Ry (t).
Proof.
1. Clear.

2. W.l.o.g. h > K. There are approximate computations such that

r

Y up@vp@w, =€"t+0(e"")  and

p=1

r/

h—h 1 / r oy b4
218 Uy @V, @W, =€Vt +0(e" ).
p:

Now we can combine these two computations as we did in the case of rank.

6.1)

(6.2)

3. Lett = (t;;) and t' = (t; ;). We have t @1" = (tij1 ;) € KMk xmm"xnn’ - Take two approximate
computations for ¢ and ¢’ as above. Viewed as exact computations over K|[[€]], their tensor product

computes over the following:

/ /
T:8ht—|—8h+ls, leeh t’—l—Sh +1S/

with s € K[€]*"" and s’ € K[€]¥ """ The tensor product of these two computations computes:

I _ (oh h+1 nr W41
TRT = (8 fjjl+8 Sl'jl)(e ti’j’l/—’_g Si’j’l')

8h+hl[ij[ll{/j/l/ + 0(£h+h,+1)>

= (
_ 8’1+h/t®t’+ 0(£h+h’+1)_

But this is an approximate computation for  @1'.

The next lemma shows that we can turn approximate computations into exact ones.
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Lemma 6.4. There is a constant ¢y, such that for all t : R(t) < c¢;Ry,(t). ¢, depends polynomially on h, in
particular ¢, < (@2).

Remark 6.5. Over infinite fields, even ¢, = 1 + 2k works.
Proof. Let t be a tensor with border rank r and let

r h h h
21 <Zoga“lw> ® (BZ gﬁ"pﬁ) ® <Z SYWP}’> =e"t+0(e").
p=1 \a= 0
—_—

7=0

€K [e]k
The left-hand side of the equation can be rewritten as follows:
ho ho h
Y Y Y Y e P upa@vpp @wpy.
p=1a=08=0y=0

By comparing the coefficients of € powers, we see that 7 is the sum of all upq @ v, @Wpy With @+ +y=

h. Thus to compute ¢ exactly, it is sufficient to compute (@2) products for each product in the

approximate computation. O

A first attempt to apply the results above is to proceed as follows: We have R;((2,2,3)) < 10.
R1((3,2,2)) <10 and R;((2,3,2)) < 10 follows by Theorem 6.3(1). By Theorem 6.3(3), we may
conclude R3((12,12,12)) < 1000. By Lemma 6.4

342
R((12,12,12)) < < er ) 1000 = 10- 1000 = 10000.
But trivially, R((12,12,12)) < 123 = 1728. It turns out that it is better to first “tensor up” and then turn
the approximate computation into the exact one.
Theorem 6.6. If R((k,m,n)) < r then ® < 31og,,, -
Proof. Let N = kmn and let R,({(k,m,n)) < r. By Theorem 6.3, we get R3,({N,N,N)) < r* and

Rips((N*,N*,N*)) < r* for all 5. By Lemma 6.4, this yields R((N*, N*,N*)) < c3,r>*. Therefore,

1
o < logys (c3s7") = 3slogys (r) +1ogys (c3s) = 3logy (r) + glogN(poly(S)) :

N——
—0

Since @ is an infimum, we get @ < 3logy(r). O

Corollary 6.7. o <2.78.
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7 Schonhage’s 7-Theorem

Strassen “just” gave a clever algorithm for multiplying 2 x 2-matrices to obtain a fast algorithm for
multiplying matrices. Bini et al. showed that is sufficient to approximate a fixed size matrix tensor
instead of computing it exactly. In this section, we will show how to make use of a fast algorithm that
approximates a tensor that is not a matrix tensor at all! In in the subsequent two sections, we will see the
same with tensors that are even “less” matrix tensors than the one in this section.

Note that Bini et al. start with a tensor corresponding to a partial matrix multiplication. They glue two
of them together to get a matrix tensor. Schonhage [28] observed that it is better to take the partial matrix
multiplication, tensor up first, and then try to get a large total matrix multiplication out of the resulting
tensor. The interested reader is referred to Schonhage’s original paper. We will not deal with this method
here, since the same paper contains a second, related method that gives even better results, the so-called

t-Theorem.\9

We will consider an extreme case of a partial matrix multiplication, namely direct sums of matrix
tensors. Direct sums of matrix tensors correspond to independent matrix multiplications and we can
view them as partial matrix multiplications by embedding the factors in large block diagonal matrices. In
particular, we will look at sums of the form R((k,1,n) ® (1,m,1)). The first summand is the product of a
vector of length k with a vector of length n, forming a rank-one matrix. The second summand is a scalar
product of two vectors of length m.

Lemma 7.1.

1. R((k,1,n)®(1,m,1))=k-n+m.

2. R((k,1,n)) =k-nand R({1,m,1)) = m.

3. R((k,1,n)®(1,m,1)) <k-n+1withm= (n—1)(k—1).

The first statement is shown by using the substitution method. We first substitute m variables belonging
to one vector of (1,m,1). Then we set the variables of the other vector to zero. We still compute (k, 1,n).

For the second statement, it is sufficient to note that both tensors consist of kn and m linearly
independent slices, respectively, even over K(€).

For the third statement, we just prove the case k = n = 3. From this, the general construction becomes

10 According to Schénhage, the term 7-Theorem was coined by Hans E. de Groote in his lecture notes [16].
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obvious. So we want to approximate a;b; for 1 <i, j <3 and Zi:l uy vy . Consider the following products

p1 = (ay +euy)(by +evy),
p2 = (a1 +€up)(by +€v7),
p3 = (az + €u3) (b + €vs3),
pa = (az + €us)(by + €vs) ,
ps = (a3 — €uy — €u3 )by,

pe = (az — €uy — €uq) by,
p1=ai(b;—evi —en),
ps = ax(bs — €v3 —€vy),
P9 = azbs.

These nine product obviously compute a;b; up to terms of order €, 1 < i, j < 3. Furthermore,
4
€Y upvu=pi+--+po—(ar+az+as)(by+br+b3).
u=1

Thus ten products are sufficient to approximate (3,1,3) @ (1,4,1).11
The second and the third statement together show, that the additivity conjecture is not true for the
border rank.

Definition 7.2. Let t € KX*m*n and ¢/ € KF>m'xn’,

1. 7 is called a restriction of ¢’ if there are homomorphisms o : K¥ — K*, B: K™ — K™, and
y: K" — K" such that = (0 @ B ®7)t’. We write < ',

2. t and ¢’ are isomorphic if o, 8,y are isomorphisms (¢ = ¢').

In the following, (r) denotes the tensor in K™*"*" that has a 1 in the positions (p,p,p), | <p <r,
and Os elsewhere (a “diagonal,” the three-dimensional analogue of the identity matrix). This tensor
corresponds to the r bilinear forms x,y,, 1 < p < r (r independent products).

Lemma 7.3. R(t) <r <t <(r).

Proof. "<": follows immediately from Lemma 5.4.

''Note how amazing this is: Asume that in the good old times, when computers were rare and expensive, you were working
at the computer center of your university. A chemistry professor approaches you and tells you that he has some data and needs
to compute a large rank one matrix from it. He needs the results the next day. Since computers were not only rare and expensive,
but also slow, the computing capacity of the center barely suffices to compute the product in one day. But then a physics
professor calls you: She needs to compute a scalar product of a similar size and again, she wants the result the next day. When
you compute exactly, you have to upset one of them, no matter what. But if you are willing to approximate the results, and, hey,
they will not recognize this anyway because of measurement errors, then you can satisfy both of them!
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,

"="(r)= YL ep®ep Rep, where e, is the pth unit vector. If the rank of 7 is < r, then we can write
p=1

as the sum of r triads,

r
p=1

We define three homomorphisms

oep—up, 1<p<r,
Biep—=vy, 1<p<r,
Yiep—=wp, 1<p<r.

By construction,

(a@BRY)(r)=Y alep)®B(ep) @Y(ep) =1. O
I S

Observation 7.4.
1.t 2 ®t,
2.1 t") =2 (tet) 1",

3.t 2 P,

N\
@
~
<
S~—
I
—
-~
@
N\
~—
@
~
I

6. td
7.t eot") 2ot drer”.

Above, (0) is the empty tensor in K9*0*0_ So the (isomorphism classes of) tensors form a semi-ring.'?

The main result of this section is the following theorem due to Schonhage [28]. It is often called the
T-theorem in the literature, because the letter 7 has a leading role in the original proof. But in our proof,
it only has a minor one.

Theorem 7.5 (Schonhage’s t-theorem). If R(ED (kij,m;,n;)) < r with r > p then @ < 3T where T is
i=1
defined by

(k,--m,-.ni)rzr.

on

i=1

121f two tensors are isomorphic, then the live in they same space K¥*™*"_1If ¢ is any tensor and 7 is a tensor that is completely
filled with zeros, then ¢ is not isomorphic to & n. But from a computational viewpoint, these tensors are the same. So it is also

useful to use this wider notion of equivalence: Two tensors ¢ and ¢’ are isomorphic, if there are tensors 7 and n’ completely filled
with zeros such that t ®n and ¢’ ® ' are isomorphic.
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Notation 7.6. Let f € Nandt be atensor. fOt:=td---Dt.
——

f times

o]

Lemma 7.7. lfR(f@ (k,m,n>) S 8 then S 3. W

Proof. We first show that for all s,

R(f O (K, m*,n*)) < [%f

The proof is by induction on s. If s = 1, this is just the assumption of the lemma. For the induction step

s — s+ 1, note that

FOUTLm Tty = (£ (lom,m) @ )
(8)
<{g

Therefore,

s
This shows the claim. Now use the claim to prove our lemma: R(f ® (k*,m*,n*)) < {% - f implies

—0 for s—oo0

3
3slog[4] +log(f)-3  3log|§]+log(f) <
s -log(kmn) - log(kmn)

3log|§]
log(kmn)’

Since ® is an infimum, we get ® <

Proof of Theorem 7.5. There is an h such that

Rh<@ (k,-,mi,ni>) <r.

i=1
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By taking tensor powers and using the fact that the tensors form a ring, we get

!
Ris @ Gl'sﬁp <Hk61 Hm anl> <r.

Gl-‘r“.-‘rO'p:S i=1
—— \,_/ ——

=k’ =m’ =n'
k',m',n’ depend on o7,...,0,. Next, we convert the approximate computation into an exact one and get
S! / A
R EB oK m 1) | <o
ol-...-0,!
O] +...+O'p:S P

Recall that ¢y, is a polynomial in / and s. By raising the defining equation for 7 in the statement of the
theorem to the sth power, we see that

s!
' '(k/ m/_nl)r:rs
=04, 01 Op!
=(x)
Fix 01,...,0), such that (*) is maximized. Then k', m’, and n" are constant. To apply Lemma 7.7, we
set
7 s! s
= <

o1l ...-0p! P
8= r Chs
m=m',
k=K,
n=n'.

The number of all 6 with 61 +...+0, =s1is

-1 s+p—1 s+p—2
s+p — p—5Tp ...S(H_l)l’*l
p—1 p—1 p—2
Thus
-Gy > =
"= T
We get that
g-‘ ' Cps T ]
2 < + 1< (kmn)* - (s+1)P"" -cp.
HE (k) (s + 1) -
Furthermore,

rf rt

(kmn)* > (s+1)p*1f2 GrOrTp

(7.1)
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By Lemma 7.7,
3 7-log(kmn)+ (p—1)-log(s+ 1) +log(cxs)
- log(kmn)
—1)log(s+1)+1o
(o Dlogls 1) +loglen)
log(kmn) =300
because s
log(kmn) > - (logr—1logp) —O(log(s))
—_————
>0 by assumption
by (7.1). O

By using the example at the beginning of this section with k =4 and n = 3, we get the following
bound out of the 7-theorem.

Corollary 7.8. @ <2.55.

What is the algorithmic intuition behind the 7-theorem? If we take the sth tensor power of a sum of
N independent matrix products, we get a sum of N° independent matrix products. From these matrix
products, we choose a subset with isomorphic tensors. In the proof of the theorem, this is done when
maximizing the quantity (*). Assume we get £ matrix products of the form (k,m,n). What can we do with
this? Well, we can compute a large matrix product (tk,tm,tn) with t3 < ¢ by using the trivial algorithm
for multiplying (z,7,t) together with the ¢ independent products for (k,m,n), each of them replacing one
of the multiplications in the trivial algorithm. We get a new improved algorithm for multiplying matrices.
If we use this new algorithm for computing (z,7,), we get an even better algorithm, and so on. The bound
on the exponent that we get in the limit is the one given by the 7-theorem. Along with this, we also get an
algorithm to compute the value of 7, see the original paper by Schonhage.

Coppersmith and Winograd [12] optimize this approach by introducing the concept of null-like
tensors. They were able to get an upper bound < 2.5 with their approach. Before this result, according
to Schonhage, quite a few researchers conjectured that @ might be 2.5, since there were some further
improvements, for instance by V. Pan, by using better starting algorithms, moving the upper bounds close
to 2.5 (see the original paper by Schonhage).

8 Strassen’s Laser method

Consider the following tensor (see Figure 7 for a pictorial description)

q
Str = Z(ei®eo®ei+eo®ei®€i)-

i=1 ~~
(g,1,1) (1,1,9)

This tensor is similar to (1,2, ¢), only the “directions” of the two scalar products are not the same. But
Strassen’s tensor can be approximated very efficiently. We have

q
(eo+€ei) @ (e + €e;) @e; = Zeo®eo®ei+32(6i®eo®ei+60®€i®ei)+0(82)-
i=1 i=1

e

I
—

q
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Figure 7: Strassen’s tensor.

If we subtract the triad eg @ g @ Y7, ¢;, we get an approximation of Str. Thus R(Str) < g+ 1. On the
other hand, R({1,2,q)) = 2q. Can we make use of this very cheap tensor?

Definition 8.1. Let r € K***" be a tensor. Let [, ... Ap, Ji,...,Jg,and Ly, ..., L be sets such that

I; g{l,...,k}, 1<i<p,
Lo C{l,...n}, 1<0<s.

1. The sets are called a decomposition D of format k x m x n if

LULU-- UL, = {1,...k},
HULU--0J, = {1,...,m},
LiULU--- UL, = {1,...,n}.

2. ;L € KMiP<i1xILel §5 the tensor that one gets when restricting 7 to the slices in I;,J;,Ly, 1. €.,
l[l.7jj7L/ (a,b,c) = l(&,b,CA)
where @ = the ath smallest element in J; and b and ¢ are defined analogously.'3

3. tp € KP*9* is defined by

t(ijl): 1 ifZ‘]i,Jj’L[#O,
AR 0 otherwise.

4. Finally, suppyt = {(i, j,€) | t1,1,1, # 0}.

We can think of giving the tensors an “inner” and an “outer” structure. A decomposition cuts the
tensor into (combinatorial) cuboids 1, JiLs these cuboids need not be connected. The cuboids form the
inner structure. For the outer structure fp, we interpret each set I; or J; or Ly as a single index. If the
corresponding inner tensor 7, j; 1, is nonzero, we put a 1 into position (i, j, ). The support is just the set
of all places where we put a 1 in #p.

13To avoid multiple indices, we here use the notation #(a, b, ¢) to access the element in position (a, b, ¢) instead of tapc
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Definition 8.2. Let D and D’ be two decompositions for format k x m x n and k' x m’ x n’ consisting of
sets I1,...,I,, Ji,...,1;,and Ly,..., L, and I{,...,I}’j,, {,...,J(’I,, and L},...,L,. Their product D ® D’ is
a decomposition of format kk’ x mm’ x nn’ and is given by the sets

LxI,, 1<i<p, 1<i<p,

JjXJ;‘H 1<j<gq, 1§j/§ql7

LyxLy,, 1<I<s, 1<I'<y.
Lemma 8.3. Let p and p' be two sets of tensors. Let t € K™ and ' € K¥>*™*" \yith decompositions

D and D' be given. Assume that t;, 5,1, € p for all (i, j,£) € supppt and the same for t'. Then D @ D" is
a decomposition of t @t such that
(tRt)pop Ztp Dt 1
Furthermore, (t®t/)l,-x1.’,,fjx1’.,,Lng;, ep®p’ forall (i,j, ) € supppt and (', j',0') € supppit’, where
i J

p ® p’ is defined elementwisely.

The proof of the lemma is a somewhat tedious but easy exercise which we leave to the reader.
Next, we decompose Strassen’s tensor and analyse its outer structure. We define a decomposition D

as follows: )
{0} U {l,....q} ={0,...,q},
Iy L
0} U {lngd ={0,....q),
Jo Ji
{1,...,q} ={1,...,q9}.
Ly

With respect to D, we have

1 0
Str@— < 0 1 >—<17271>7

Str1i7/_/7L1 € {<1a17‘1>7<%171>} - {<k7m7”> ‘ k'm'n:LI}'

The format of Stris (¢g+ 1) x (g+ 1) x g. Next, we make Str symmetric. Take the permutation
w=(123). We have

e Strap = (1,1,2) and 7 Strpp = (2,1,1),
where 7D and 72D are the defined by permuting the sets accordingly. Let
Sym-Str = Str@7 Str@7> Str.
By Lemma 8.3, D = D ® 2D ® n2D is a decomposition of Sym-Str such that
Sym-Stry, = (2,2,2)

and every inner tensor is in
{<k,m,l’l> | k-m-n= C]3} :

14The order of the indices, when building # @' and D ® D’ should be the same.
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Definition 8.4. Lett € Kkx<mxn ¢/ ¢ gKxm'xn'

1. Lett' = ¥ upy@v, @w, as well as A(g) € K[e]**¥, B(e) € K[e]™™, and C(€) € K[e]"™". Define
p=1

-
(A(e)@B(e)@C(e))t' = Y A(€)up @ B(€)vy @ C(€)wp .
p=1

(This is well-defined.)
2. tis a degeneration of t' if there are A(g) € K[e]**¥, B(e) € K[e]"™™, C(g) € K[g]"*",and g € N

such that
elt = (A(e) @ B(e) @ C(e))f +0(er™).

We will write t <, " ort <7’
Remark 8.5. R(t) <r<1t < (r).

The remark above can be interpreted as follows: If you want to “buy” a tensor, then it costs r
multiplications. Then next lemma is a kind of a converse. It tells you, that when you bought a matrix
tensor (n,n,n), then you can “resell” it and get Q(n?) single multiplications back.

Lemma 8.6.

Proof. First assume that n is odd, n = 2v 4 1. We label rows and columns from —v,...,v. We define the
linear mappings A, B,C : K" — K[e|"*" by

) ..
A: €ij '—>€,‘j-8l +2”,
. 242 jk
B: €k 0—>€jk-£]+],
2 .
C: ey ey gh™+2ki s
. . . 2 2
where e; j denotes the standard basis. A, B, and C define matrices in K[€]" """, Recall that

\4

(n,n,n) = Z eijQejr ey .

i,j,k=—V
We have y
(AQB®C)(n,n,n) = Z £i2+2ij+j2+2jk+k2+2ki e @ejr e
£, k=—nu —g(itj+h)?
Ifi+ j+ k=0 then
ik J
i,j determine k .
J:k i

So all terms with exponent 0 form a set of independent products. It is easy to see that there are > (3 /4)n?
triples (i, j,k) with i+ j+k = 0. The case when n is even is treated in a similar way. O
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Definition 8.7. Let t € K¥xn ¢/ ¢ KK>*m'xn' 1 is a monomial degeneration of ¢’ if the entries of the
matrices A, B, and C in Definition 8.4 are monomials.

The matrices constructed in Lemma 8.6 are monomial matrices. Therefore,

is a monomial degeneration of (n,n,n).
Now we want to apply Lemma 8.6 to Sym-Stry. First, we raise Sym-Str to the sth tensorial power.
We get

3
<422S> < (Sym—Str)%éx s <(q+ 1)3S> .
Lemma 8.6

The inner tensors or Sym-Str™®* are € {(k,m,n) | k-m-n = ¢g*}. How does this inner structure behave
with respect to the degeneration

3 S A
<422 > < (Sym-Str) 5%, ?

Since this degeneration is a monomial degeneration, every 1 in the tensor <%22S> will correspond to
one tensor in {(k,m,n) | k-m-n=g*}.!> So we get a direct sum of 32% tensors each of them being in
{{k,m,n) | k-m-n = g*}. The border rank of this sum is bound by (¢ -+ 1)*. But in this situation, we
can apply the 7-theorem! We get

1w

(q3S)1:722s < (q+ 1)33"
3t s § 2 3
a2 =(g+1),

(g+1)°
T
The right-hand side is minimal for ¢ = 5 and gives us the result @ < 2.48.

Corollary 8.8 (Strassen [33]). @ <2.48.

S

o <log,

Research problem 8.9. What is R(Sym-Str)? It is quite easy to see that R(Str) = g+ 1, since it consists
of g+ 1 linearly independent slices. But the format of Sym-Stris g(g+ 1)?> x g(g+1)?> x g(g+ 1), so it
is not clear whether the upper bound (g + 1) is tight.

Why is the laser method called laser method? Here is an explanation I heard from Amin Shokrollahi
who claimed to have heard it from Volker Strassen: In a laser, one generates coherent light. You can think
of the two inner tensors in Strassen’s tensor as light waves having different polarization. In the end we
obtain a diagonal with “light waves” having the same polarization.

I51f the degeneration were not monomial, then every 1 in <%22s> would be linear combination of several entries of the tensor
(Sym-Str)%SM. Per se, this is fine. But when looking at the inner structures, then every 1 will correspond to a linear combination
of matrix tensor of formats that do not match.
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Figure 8: Coppersmith and Winograd’s tensor.

9 Coppersmith and Winograd’s method

Strassen’s tensor is asymmetric, its format is (g+ 1) x (¢+ 1) x g. For only one additional multiplication,
we can compute the following symmetric variant (see Figure 8 for a pictorial description)

BN

CW=) (eiRey®ei+eg®e;@ei+eRe®ep).

AT (1.1q) (L)

1

This tensor can be approximated efficiently. We have

q
£ -CW= Z €-(eo+ 82€,') ® (eo+ 8261') ® (eo+ SZei)
i=1
s q q
—(eo+€Y e)@(eo+€’ Y er)@(eo+€ Y er)
i=1 i=1

i=1
+(1—g€)-ep@e®ep
+0(e°%).
Thus, R(CW) < g+ 2. We define a decomposition D as follows:

{0y U {1,....q} ={0,...,q},

Iy I
{0y U {1,....q} ={0,...,q},
Jo Ji
{0} U {1,....q} =1{0,....q}.
Ly L
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owo= (71,

CWI:‘JJ',L( € {<17 17Q>7 <Qu 1 1>> <1>‘I7 1>}

With respect to D, we have

The right-hand side of the first equation represents a tensor of format 2 x 2 x 2. An entry k in position
(i, j) means that the (i, j, k)th entry of the tensor is 1. All other entries are 0.

The inner structures with respect to D are the same as in the previous section. However, CWq
is not a matrix product anymore. Therefore, we cannot apply the machinery of the previous section.
Coppersmith and Winograd [13] found a way to get fast matrix multiplication algorithms from the bound
R(CW) < g+ 2. The proof of their bound that we present here is due to Strassen, see also [8, Sect. 15.7,
15.8]. We follow the proof in the book [8] quite closely. In particular, we use the same notation.

9.1 Tight sets

The question that we have to deal with is the following: Given a tensor ¢, what is the largest N for
which we can show that (N) < by a monomial degeneration? Strassen gave an answer for tensors
t = (n,n,n). Next, we want to develop a general method.

Definition 9.1. Let /, J, and L be finite sets. Let A,B C I xJ x L. A is called a combinatorial degeneration
of B if there are functions a: I — 7Z, b :J — Z, and ¢ : L — Z such that

1. V(i,j,0) € A:a(i)+b(j)+c(¢) =0,
2. Y(i,j,£) € B\A :a(i) +b(j) +c(¢) > 0.

Combinatorial degenerations can be turned into monomial degenerations, this is essentially done in
Lemma 8.6. Let 74 € K//I*VIXILl be the tensor that has a 1 in every positions corresponding to tuples in A
and O elsewhere. Define 75 in the same way. Define mappings X, Y, and Z by

X: e — sa(i)e,- ,
Y: e —> Eb(j) €j,
Z: e +— Sc(k)eg.

Thenty = (X QY ®@Z)tg+ O(¢€), i.e., t4 is a monomial degeneration of 7.
Definition 9.2.

1. AC1IxJxLis called tight if there are an r > 1 and injective mapsa:I —Z",b:J — 7", and
¢:L— 7" such that for all (i, j,£) € A, a(i) +b(j) + c¢(¢) = 0.

2. Aset A CIxJ xLis called diagonal if the three canonical projections p; : A — 1, p; : A — J, and
pL A — L are injective. This means that A= {(1,1,1),(2,2,2),...} up to permutations.
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If a (combinatorial) diagonal is a combinatorial degeneration of some set A, then we can get a diagonal
from t4 via a monomial degeneration.
Let Zy = Z/MZ. The set Wy, below will play an important role in the following.

Lemma 9.3. Let M € N. Let wyy = {(i,j,0) € Z3, | i+ j+{=0in Zy}. Wy contains a diagonal A with
|A| > M /2, which is a combinatorial degeneration of Wy.

Proof. By shifting one of the indices, we can assume that yy, = {(i, j,¢) € Z3, | i+ j+£+1=0 mod M}.
We write yy = AU B with

A={(i,j,0) |i+j+l=M—1inZ},
B={(i,j,0)|i+j+{=2M—1inZ}.

A={(i,iyM—1-2i)|0<i<(M—1)/2} is a diagonal with |A| > M /2.
We define functions a,b,c : Zy; — Z by
a(i) = 4%,
b(j) =47,
c(l) = —2M—1-10)>.
For (i, j,0) € A,
a(i)+b(j)+c(l) =42 +47 —2(M—1—0> =22 +2>—4ij=2(i—j)* > 0.
———
i+j
Equality holds iff (i, j,¢) € A, because if i = j, then { = M — 1 — 2i since (i, j,{) € A.
For (i, j,¢) € B,

a(i) +b(j)+c(l) =42 +45 —2(M —1—1)?

—_—
i+j—M
=4i® +472 - 2(i+ j)* +4M (i + j) —2M?
——
>M
>2(i— j)* +2M* > 0.
This proves the lemma. O

s

The next lemma gives a simple lower bound on the size of a diagonal by just removing “collisions.’

Lemma94. Let® C I xJxLand
.. N AT @ . ./ . ./ /
H:{{(l,],f),(l,],f)}e <2> ‘l:l Vj=] \/E:ﬁ}
Then there are I' C 1, J' C J, and L' C L such that
A=I"xIxL)Nd

is a diagonal of size > |®| — |I1| and A < .
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Figure 9: The construction in the proof of Theorem 9.6.

Proof. We interpret G = (®,I1) as a graph. G has > |®| — |II| connected components, since every edge
in IT can connect at most two components when adding the edges of II to the empty graph one after
another. Choose one node of every connected component. These nodes form the set A. We set I’ = p;(A),
and J' = p;(A), and L' = p.(A), where py, py, and py, are the canonical projections.

It remains to show that A is a combinatorial degeneration of ®. Define the mappings a, b and ¢ by

dw_{Oieﬂ,

1 iel\l,
: 0 jes,
b(j) = . ,
1 jeJ\J,
0 lel
c(f) = ’
1 teL\L.
By the definition of ® and the choice of A,
* V(i,j,0) € Ara(i)+b(j)+c(¢) =0,
e V(i,j,0) e ®\A:a(i)+b(j)+c(f)>0.
This shows that A is a combinatorial degeneration of ®. O

Definition 9.5. Let B € Z. A C I x J x Lis called B-tight if it is tight and if there are function a, b, and ¢
like in Definition 9.2 such that in addition, a(I),b(J),c(L) C {-B,...,B}"

The following theorem is the main result of this subsection. It provides a way to find a large diagonal
in a tight set.

Theorem 9.6. Let @ C I x J x L be B-tight, |I| < |J| < |L| and assume that the projections p;: ® — I,
ps P —J, and py : ® — L are surjective. Let ¢ > 1 such that

1y 1. »
HiléaIX|pI OIB r?gj’qu (N, I?GaL)qu (€)|§C'm'
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Then there is a diagonal A < ® with
2

Al > ——
| ’_27013

Proof. Leta:I— {—B,0,B}",b:J— {—B,0,B}, and ¢c: L — {—f,0,B}" be injective such that
a(i) +b(j) +c(¢) =0 for all (i,j,f) € ®. Let M > 2B + 1 be a prime to be chosen later and let
Wi,y Wri3 € Zy. Letw= (wy,...,w,y3). We define the following functions A, : I — Zy, By, 1 J — Zy,
and C,, : L — Zy by

|1

Aw(l) = Z:):I ap (i)WP Wbl —Wr2 mod M,
Bu(j) = Xp_i1bp(f)wp TWri2  — W3 mod M,
Co(l) = Ypoicp(@Owp  —wrpi +Wwri3 mod M .

It is straightforward to check that for all (i, j,¢) € ®, A, (i) + B, (j) +Cy(¢) = 0, even when not computing
modulo M.
Let F, : I x J x L — Z3, be defined by (i, j,#) — (A (i), By(j),Cw(£)). By construction,

Fo(®) C Wy = {(x,5,2) € Zyy | x+y+2z=0}.

By Lemma 9.3, there exists a diagonal D <I ¥y, with |[D| > M/2. Let ®,, = F, (D) N ®.
We claim that ®,, is a degeneration of ®. Since D is a degeneration of W, there are functions ap, bp,
and cp such that

* V(i,j,) € D:ap(i)+bp(j)+cp(f) =0 and
i V(l,],g) S lPM\I) : aD(i)—l-bD(j)—i-cD(E) >0.

The functions ap OAW, bpoB,, and cpo C‘w prove the claim above, where AW is defined like A,, but not
reduced modulo M. B,, and é‘w are defined in the same way.
For d € D, set ®,,(d) = F, ! (d) N ®. Then:

D, = | JPy(d).
deD

Since D is a diagonal, the sets p;(®,,(d)) with d € D are pairwise disjoint. (Note that F,, operates on the
three coordinates separately.) The same holds for p; and p;. From this it follows that if A; < ®,,(d) are

diagonals, then
A={JAq

deD

is a diagonal and A < ®,,. (We can glue the functions p;(®,,(d)) — Z’ for d € D in the definition of
combinatorial degeneration together, since the sets p;(®,,(d)) are pairwise disjoint. The same is true for
the other two coordinates.) Figure 9 shows the construction we built so far.

Let
() = { (4.0, 0)} € (q’wz(d)) li=tvj=jvi=r}.

By Lemma 9.4 there exists Ay < ®,,(d) with |Ay| > |y, (d)| — |TL,,(d)|.
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It remains to show the following claim:
Claim: We can choose M and wy,...,w,;3 in such a way that

So= X (9u(d)] - @) > 5o
W= w - w = A4 o .
i 27¢p

The proof of the claim is by the probabilistic method. We choose wy,...,w,3 uniformly at random
(and M depending on wy,...,w,y3) and show that

L1
In particular, for at least one choice of wy,...,w,13, Sy, is large enough.

Fix (i, j,¢) € I x J x L. The random varlables w— Ay (i), w— By(j), and w — C,,(¢) are uniformly
distributed and pairwise independent since w — (A,, (i), B,y(jj)) is surjective (as a mapping from Z}; 3
Z2,). This is due to the fact that w,,| only appears in A,, and w, 3 only appears in B,,. The same is true
for the other two pairs.

Furthermore A,,(i),A,,(i") and C,,(¢) are pairwise independent for i # i’, since

w = (Aw(D),Aw ("), Cu(0))

is surjective because

a(i) ... a(i) 1 -1 0
ai()y ... a@) 1 —-10
al) ... ¢ -1 0 1

has rank three over Z,,. If one writes the zero vector as a linear combination of these three rows, then the
coefficient of the last row will be zero because of the 1 in the last column of the matrix. a is injective as a
mapping to Z". But since M > 23 + 1, it is also injective as a mapping to Zj},. Therefore, the first two
rows are not identical, since i # i’. Thus the coefficients of the first two rows must be zero, too.

The expected value of |CI>W (d)| ford = (x, y,z) is the probability that we hit (x,y,z), i.e

E[|® = ), PrAu(i) =x.Bu(j) =y.Cu(0) =]
(IJZ efb
= Z Pr[Aw(i) :xan(j) :y]
(i,j)e®
1
=15

We can drop the event C,,(¢) = z, since it is implied by the other two events for (i, j,¢) € ® and

(x,y,2) € Pp.
To estimate the expected value of |I1,,(d)|,

Un(d) := {{(i,,0), (0., 0)} € (‘%‘”) ‘E:ﬂ}
= U{tG4.0.0.7.0)) € (”L;w)> | Auli) = x=Au(),C(0) = 2} .

leL

. Let
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Note that as above, A,, (i) = x =A,,(I') and C,,(¢) = z imply B,,(j) =y = B,,(j'). As we have seen, A,, (i),
Ay (7"), and C,,(¢) are independent. Therefore,

Z O 011,

< ;!
<3 L

c|®?
< .
= 2M3|L|

For the last inequality, we used that ¥y |p; ' (¢)| = |®| and the assumption that |p; ' (£)| < c|®|/|L|. We
do the same for the other two coordinates and get

3c|®|?
—2M3I|°

E[[TL,(d)]] <

Recall that |I| < |J|,|L].
Now we can finish the proof of the claim:

E(Sy) =Y (|®w(d)| - M, (d)])

deD

[ 3c|®
=4 (M2 RN

(] 3 (@l
=2c \ MJ1| 2"\ M|
9 pelo)

Bel®l 2
y 21

Now we choose the prime M such that

&0

Such an M exists by Bertrand’s postulate. Since |I| < |®|, M > 23 + 1, as required. It is easy to check
that with this choice of M,
4 2

E w > )
(Sw) 2 2¢c 2718 27cP

and we are done.

9.2 First construction

The support ® of CW with respect to D is
{(1,1,0),(1,0,1),(0,1,1)} € {0,1}>.
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It is obviously tight, since it fulfills i + j + ¢ = 2. Take the Nth tensor power CW*"_ All inner tensors
of CW*V with respect to DN are tensors (x,y,z) with xyz = ¢". By Theorem 9.6, the support ®" of
CW®V contains a diagonal of size 2|I|V /(27¢) where c is chosen such that

. DN
P ()] < ‘,,,‘N .

Since p; (1) = {(1,1,0),(1,0,1)}, p;vl(l,...,l)\ = 2N (We only need to check this for IV since the
situation is completely symmetric.) Therefore,

- |I|N2N 4N
c —_— = .
— |q)‘N 3N

Thus, we get a diagonal of size (2/27) - (3/2)". We now can apply the 7-Theorem (recall that combinato-
rial degenerations give rise to monomial degenerations) and get

2 3 N /3N N
= < (g+2)".
27 <2> q <(q+2)

Taking Nth roots and letting N go to infinity, we get

(0§310gq< 3

For g = 18, this gives ® < 2.69. 2.69? Really, 2.69!

So what went wrong? It turns out, that it is better to restrict V. Let I’ be the set of all vectors
in IV with 2N/3 1’s. We assume that N is divisible by 3. We define J’ and L’ in the same way. Let
@' =dVNI' xJ' x L'. @ is nonempty, since the product containing N /3 factors of each of the 3 elements
in®isin'NJ'NL.

Now, |p,,' (i)| have the same size for all i by construction. Then trivially,
|
1

2(4+2)>'

Py ()] <
so we can choose ¢ = 1 in Theorem 9.6. We get a diagonal of size % (219//3). We apply the 7-theorem

once again and get this time
2 N ®/3-N N
—. < 2)7.
27 <2N/3>" <(@+2)

By Stirling’s formula,

1 (N 2 2 1.1 2
1 CIZ - Clns = —1n(2)+1n3
zv“(zN/_%)_> 333y =—3h@)+mh

for N — oo, Therefore, we get

2283(q+2) 4(g+2)°
<3- — = 7| = 1= )
® <3-log, ( 3 log, < > >

For g = 8, we obtain the following result.
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Corollary 9.7 (Coppersmith & Winograd). o < 2.41.

It can be shown that R(CW) = g+ 2. So is this the end of this approach? Note that in the above
calculation, we always compute a huge power CW®", The format of this tensor is (g+ 1)V x (g + 1)V x
(g+1)N. So it could be the case that R(CCW*Y) = (¢ + 1)N. The asymptotic rank R(t) of a tensor ¢ is
defined as

R(t) := lim R(*N)V/N

N—yoo

This is well-defined. All the bounds that we have shown so far are still valid if we replace border rank by
asymptotic rank. If R(CW) = g+ 1, then @ = 2 would follow (from the construction above for g = 2).

Problem 9.8. What is R(CW)? Even simpler: Is R(CW®?) < (¢ +2)??

9.3 Main theorem

Next we prove a general theorem, that formalizes the method used to prove Corollary 9.7. We will work
with arbitrary probability distributions on the support, since in this case, we can even handle the case
when the inner tensors are matrix tensors of different sizes.

Let P: I — [0; 1] be a probability distribution. The entropy H(P) of P is defined as

HP):=— Y P@i)-InP(i).

iel:P(i)>0

Fact9.9. Forall u:1— NwithY,c;u(i) =N,

() (0]

The fact can be easily shown using Stirling’s formula.
Let P:1xJ x L — [0;1] be a probability distribution. Then

P](l) = Z P(la.hg)

(j,0)eJxL

is a probability distribution, the first marginal distribution. In the same way, we define P»(j) and Ps(¢).

Theorem 9.10 (Coppersmith & Winograd). Let D be a decomposition of a tensor t € K" with sets
Ly,....0, Ji,....Jg, and Ly,. .., Lg such that

1. suppqpt is tight,
2. ty,4;L, s a matrix tensor for all (i,J,¢) € supppt.

Then
min HB)+o- Y P(i.j.0)-n((t,0,)) < InR(?)
(ivjaz)esupp’bt

for all probability distributions P on suppyp 1, where {((x,y,z)) = (xyz)'/3.
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Proof. Assume that suppy, 7 is B-tight. We choose a function Q : supps ¢ — N and let
N= Y 00.j20).
(iv.jvg)esupp‘D t

(Think of Q being a discretization of our probability distribution P.) Let

u(i) =Y. 00, j,0).
I

We define v (), 7(¢) analogously. Obviously ¥ ut(i) = N. We say that x = (x1,...,xy) € I"V has distribu-
tion p if for all i € I, i appears in exactly (i) positions.
It is easy to check that the support of t®V with respect to the decomposition D=V is again B-tight. Let

I, := {x € I | x has distribution u},
Jy :={y € J" | y has distribution v},
Ly :={z € LV | z has distribution 7},
@ =1, xJy X Ly N (suppp 1)~ .

We have |I,| = (z’) Jy|= (), and |Lz| = (¥). Furthermore, @ is not empty. The projection p; : ® — I,

is surjective with |p ! (i)| = |®|/|L,|. All fibers p; ' (i) have the same size, namely |®|/|I,|. The same
holds for J,, and L.

What do the inner tensors of t®V with respect to the decomposition " look like? They are tensor

products of the inner tensors of ¢, i.e., matrix tensors itself. Take (x,y,z) € ®. The inner tensor
corresponding to (x,y,z) is

N
t}@\;mxl Ty XX Ty Ly XX, :®t1x Jygo L+
X1 XN VY] YN "2 N Xs W Ys 12
s=1

Assume that t7, ;. 1, € U; @ V; @ Wy with dimU; = k;, dimV; = mj, and dimW; = ny. Then ((t7,;,1,) =
(kimjng)'/®. Thus,

N
N 1/6
g(t}i XXy Iy Xoo Xy oL ><~--><LZN) = H(kxsmySnZs) /

s=1
— [T Tm e l;LI”?(é)/G

i€l €l
= ]I (kimjng)Q(i’j’@m
(i-j,)Esuppp 1

— H C(U,-,J_,-,L»QU,LE) ]

(i7j7€)esuppD !

This means that all inner tensors of t® restricted to ® have the same {-value. This is another reason for
restricting the situation to the invariant sets 1, Jy, and L.
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Next, we apply Theorem 9.6 to the B-tight set & C I,, X J, x L;. We get a diagonal A of size
2 .
81> 575 min{lful, bl |}

Note that we can choose the constant ¢ = 1. A is a degeneration of ® < (suppy,?)". Therefore,

QN RN
@ tlnX"'XIXNJHX'“XJ,VNquX“'XLZN dt .
(x.y,2)eA

We apply the 7-theorem and obtain
A TT i) <re™) <R@".
(i.j£)Esupp ¢ :
Taking logarithms, we get
1 L. .
Shal+e Y 00,0 () <R().
(i.j£)Esuppy ¢

Now we approximate the given probability distribution P by the function Q such that

. L.
|P(l7.])€) - NQ(I7]7€)‘ < E.
€ solely depends on N and goes to 0 as N goes to .
By Fact 9.9 we can approximate + In|A| by min;<,,<3 H(P,,). Therefore, we get
min H(P,)+o Y P(i,j,0)logl(t,4,.,) <InR(t)+C-€

<m<
tsms3 (i7j,'€)esupp'Dt

for some constant C. The result follows by letting € tend to zero.

O

Remark 9.11. The theorem above generalizes Strassen’s laser method, since matrix tensors are tight.

Consider the following enhanced Coppersmith and Winograd tensor

q

CW, = Z(€i®€0®€i+€0®€i®€j+e,‘®ei®€0)+€q+1®eo®eo+60®eq+1®eo+e0®eo®eq+1‘

= (1.1g) (L)

Astonishingly, this larger tensor has border rank g + 2, too:

q
ECW, =Y € (eo+€%) @ (eg+€%€;) @ (eg + €2¢;)

i=1
q q q
—(eo+€ Y e)@(eo+€ Y e)@(eo+€Y er)
i=1 i=1 i=1
+ (1 - qg) : (60 + 8Seq+1) ® (60 + 856q+1) ® (60 + 8Seq+1)
+0(e°%.
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Thus, R(CW) < g+ 2. We define a decomposition D as follows:

{0} U {1,---761} U {q+1} :{07"'aCI+1}7

Iy I, b
{0} U {l,....q} U {g+1} ={0,....,q+1},
Jo Ji D
{0} U {l,....q} U {q+1} ={0,...,q+1}.
Lo Ly Ly

With respect to D, we have

{(1,1,9).{q,1,1),(L,q, 1)} if (i, j,£) € {(1,1,0),(1,0,1),(0,1,1)},
(LL1D} if (i, ,¢) € {(0,0,2),(0,2,0),(2,0,0)} .
The support of ¢ with respect to D is tight, since it is given by i+ j+ £ = 2.

To apply Theorem 9.10, we distribute the probability /3 over the “small” products and (1 —f3/3)
over the “large” products uniformly. Then we get:

a(1-5r252505)

Setting ¢ = 6 and B = 0.048 yields ® < 2.39.

+%-(ﬁlog1+(1—ﬁ)-log® <log(q+2).

Corollary 9.12 (Coppersmith & Winograd). o < 2.39.

9.4 Further improvements

Instead of starting with CW_ we can also start with CW?2 as our starting tensor. While this does not
give anything new when we take D? as the decomposition, we can gain something by choosing a new
decomposition. The elements of suppy. (CW%?) are contained in {0,1,2}% x {0,1,2}? x {0,1,2}2.
Coppersmith and Winograd build a new decomposition with support C {0,...,4}> by identifying
((;,1), (4, 7", (£,0)) with (i+17,j+ j,¢+¢). This gives a coarser outer structure. Tensors of the
old inner structure are now grouped together. Funnily, the new inner tensors are still matrix tensors with
one exception. To analyse this exception, Coppersmith an Winograd introduced the value of a tensor ¢:
Suppose that @ = 37 is the exponent of matrix multiplication. If @, (k;,m;,n;) <t®V, then the value
of t is at least (X', (ksm;n;)®)'/N. Intuitively, the value is the contribution of 7 to the 7-theorem, when
we construct the dlagonal in the proof of Theorem 9.10. Theorem 9.10 can be generalized to this more
general situation.

Coppersmith and Winograd do the analysis for CW?Z. Andrew Stothers [30] (see also [14]) does it
for CW%4 (CW§3 does not seem to give any improvement) and Virginia Vassilevska-Williams [35] for
CWESS with the help of a computer program. We get the upper bounds 2.376, 2.3737, and 2.3727 for o,
respectively.

THEORY OF COMPUTING LIBRARY, GRADUATE SURVEYS 5 (2013), pp. 1-60 50


http://dx.doi.org/10.4086/toc
http://dx.doi.org/10.4086/toc.gs

FAST MATRIX MULTIPLICATION

10 Group-theoretic approach

While the bounds on @ mentioned in the previous section are the best currently known, we present an
interesting approach due to Cohn and Umans [10]. We follow their exposition quite closely.

Let G be a finite group and C[G] denote the group algebra over C. The elements of C|G] are formal
sums of the form

Z agg witha, € Cforallg€ G.
geG

Addition and scalar multiplication is defined component-wisely. Multiplication is defined such that it
distributes over addition:

(Zagg> (Z bgg> Y Y abuf.

geG heH feG gglfff
Let C, be the cyclic group of order n and g be a generator. The product of two elements Zf;ll a;g' and
Y ! big' in C[C,] is the cyclic convolution

n—1 )
Z Z Cljbkgl .

i=0 j.k:j+k=i modn

Wedderburn’s theorem for group algebras of finite groups states that every group algebra C[G] of a
finite group G is isomorphic to the direct product of square matrices over C:

C[G] = CH7d x ... 5 CW*dk

The numbers dj,...,d; are called the character degrees. k is the number of conjugacy classes. By
comparing dimensions, it follows that |G| = d? + - -- +d>. See [18] for an introduction to representation
theory. For the cyclic group of order n, C[C,] = C" because C[C,] is commutative. Since on the other
hand, C[C,] = C[X]/(X" — 1)—in both algebras, multiplication is cyclic convolution—multiplication of
polynomials of degree < (n—1)/2 can be performed by a cyclic convolution which in turn can performed
by n pointwise multiplications. Since an isomorphism C[C,,] — C" is a linear transformation and hence,
can be performed with scalar multiplications, this shows that the rank of multiplication of polynomials of
degree < (n—1)/2 is bounded by n.

An isomorphism C[G] — C1*% x ... x C%*% is called a discrete Fourier transform. For the cyclic
group C, of order n, there are discrete Fourier transforms what can be implemented fast, even under the
total cost measure. Using one of the fast Fourier transform algorithms, polynomial multiplication of
polynomials of degree d can be done with O(dlogd) total operations. Also other group algebras allow
fast Fourier transformations, see [3].1°

168yt note that in our setting, discrete Fourier transforms are free of cost, since they are linear transformations. So there is no
need for fast Fourier transforms for fast matrix multiplication But there is no cheating involved here, since it does not matter for
the exponent whether we only count all operations or only bilinear multiplications.
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10.1 Matrix multiplication via groups

In the light of this success for polynomial multiplication, it is now natural to try the same approach for
matrix multiplication. For a subset S of a finite group, let

Q(S) = {st™! |s.r €S}
denote the right quotient of S. Note that if S is a subgroup, then Q(S) = S.

Definition 10.1. A group G realizes (nj,n,n3) if there are subsets S, 52,53 C G such that |S;| = n; for
1 <i<3andforall g; € Q(S;), ] <i<3,

q19293 = 1 1mphes q1 =42 =43 = 1.
We call this condition on Sy, 53,53 the triple product property.

As a first example, consider the product of cyclic groups Cy x G, X C,,. This group realizes (k,m, n)
through the subgroups Cy x {1} x {1}, {1} xCp, x {1}, and {1} x {1} x C,.

It is rather easy to verify that when G realizes (n;,n,n3), then it realizes <n,r( 1)>7(2)s n”(3)> for every
7 € 53, too (see [10, Lem. 2.1] for a proof).

Lemma 10.2. Let G and G' be groups. If G realizes (k,m,n) and G' realizes (k',m’,n’), then G x G'
realizes (kk',mm' ,nn’).

Proof. Assume that G realizes (k,m,n) through Sy, S>, and S5 and G’ realizes (kK',m’,n’) through T}, 1>,
and T3.

G x G’ realizes (kk',mm' ,nn’) through Sy x T, S, X T, and S3 X T3. To prove this, we need to verify
that for s;,s; € S; and #;,¢] € T;,

(s121)(s1,11) ™" (s, 5) (s2,12) ™ (85,15) (s3,13) 7' =1 (10.1)
implies (s},¢/)(s;,2;) "' = 1 for all i. (10.1) is equivalent to
sﬂsflslzsglsgsgl =1,

e G =1,

By the triple product property, sgsi_1 =1and ti_l =1 for all i. Thus
(sgﬁti,)(shti)_l = (s;atz{)(si_lvti_]) = (11 1)7

as desired. O]

Multiplication in a group algebra C[G] is a bilinear mapping. By abuse of notation, we call the tensor
of this mapping C[G] again. We say that a tensor s is a restriction of a tensor ¢ if ( AQ BQC)s =t. We
write s <t in this case. If s is a restriction of ¢, then it is a degeneration of ¢, too.

THEORY OF COMPUTING LIBRARY, GRADUATE SURVEYS 5 (2013), pp. 1-60 52


http://dx.doi.org/10.4086/toc
http://dx.doi.org/10.4086/toc.gs

FAST MATRIX MULTIPLICATION
Theorem 10.3. Let G be a finite group. If G realizes (k,m,n), then (k,m,n) < C[G]. In particular,
R((k,m,n)) < R(C[G]).

Proof. Assume that G realizes (k,m,n) through S, T, and U. Let A € C* and B € C"™*". We index the

rows and columns of A with elements from S and 7', respectively. In the same way, we index the rows

and columns of B with 7" and U and the rows and columns of the result AB by S and U, respectively.
We have

Z ASJ/S_IZJ Z B[7u/t_1u/ — Z Z As7t’Bt,u’ S_lt,t_lu,
seSeT teTu'eU seSu'elU \tt'eT
= Z (AB); s’ u,

s'eS.ucl

since (s~!'t')(t7'u') = s~ 'u is equivalent to s's~'#'t ~'w'u~! = 1. The triple product property now yields
s=s,t=t,andu=1u. O

The group algebra C[G] is isomorphic to a product of matrix algebras. Therefore, when G realizes
(k,m,n), Theorem 10.3 reduces the multiplication of k x m-matrices with m X n-matrices to many small
matrix multiplications.

10.2 The pseudo-exponent

The pseudo-exponent of a group measures the quality of the embedding provided by Theorem 10.3.

Definition 10.4. The pseudo-exponent o.(G) of a nontrivial finite group G is

3log |G
o(G) = min{ 0g|]
logkmn

G realizes (k,m,n), max{k,m,n} > 1} .

The pseudo-exponent of the trivial group is 3.
Lemma 10.5. Let G be a finite group.

1. 2<a(G) <3.

2. If G is abelian, then o(G) = 3.

Proof. The upper bound of 3 follows directly from the observation above that every group realizes
(|G|,1,1). Note that any group G realizes (|G|,1,1) by choosing subgroups H; = G, H, = {1}, and
Hs = {1}. For the lower bound, suppose that G realizes (k,m,n) through sets S, 7, and U. The map
Q(S) x Q(T) — G defined by (x,y) — xy is injective. Its image intersects Q(U ) only in {1}. This follows
from the definition of “realizes”: Assume that st = u with s € Q(S), t € Q(T), and u € Q(U). Then
s =t =u = 1. Therefore,

G| = 1Q(S) x Q(T)| = km

where the last inequality is strict if [U| =n > 1. The same is true for the pairs 7,U and S,U. Thus,
|G| > (kmn)?, which implies a(G) > 2.
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If G is abelian, then the map Q(S) x Q(T) x Q(U) — G given by (x,y,z) — xyz is injective, because

x'y'7 = xyz implies x~ &'y~ 1y/z71Z = 1. Now, injectivity follows from the definition of “realizes.’

Therefore, |G| > kmn, if G is abelian. O

)

Example 10.6. The symmetric group S ®) has pseudo-exponent 2+ O(1/logn). To see this, we think of
2

S(n) acting on triples (a,b,c) witha+b+c=n—1and a,b,c > 0. Let H; be the subgroup of S(n) that

2 2

fixes the ith coordinate. We claim that S(n) realizes (N,N,N) via H,H,,Hs where N = |H;| = 112!---nl.
2

If this were true, then
log (5)! 1
S n - = 2 O PE— .
o (2)) logN * logn

So it remains to show that Hy, H,, Hs satisfy the triple product property: Let #1273 = 1. Order the triples
(a,b,c) lexicographically. Let (a,b,c) be the smallest triple such that h;(a,b,c) # (a,b,c) for some i.
Since (a,b,c) is the smallest such triple, h3(a,b,c) = (a+ j,b— j,c) for some j > 0. (Note that A; fixes
(a,b,c) iff h; ! fixes (a,b,c).) Next, ha(a+ j,b— j,c) = (a+ j+k,b— j,c—k) for some k. Since h; fixes
the first coordinate, we have j+k = 0. Since (a,b,c) was the smallest triple, i fixes (a,b— j,c+ j),
thus j = 0. Therefore, h;(a,b,c) = (a,b,c), a contradiction. Hence, h; = 1 for all i.

10.3 Bounds on ®

Unfortunately, if a group has pseudo exponent close to 2 it does not mean that we get a good bound on @
from it. The group needs to have small character degrees in addition.

Theorem 10.7. Suppose G has pseudo exponent & and its character degrees are dy, . ..,d;. Then
t
G|°/* < Y a?.
i=1

Proof. By the definition of pseudo exponent, there are k, m, and n such that G realizes (k,m,n) with
kmn = |G|>/*. By Theorem 10.3,

<k,m,n> S C[G] = é <dl‘,d,‘,d,'> .

i=1

If we take the /th tensor power of this, we get

t &l t
<k4’m(e’ng> < <®<diadi>di>> = @ (d-didy-di,dy-di).

i=1

Taking ranks on both sides, we get

¢
t
R(<k€,mg,né>) <c- (Zd;"”) ,
i=1
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where € > 0 and ¢ is a constant such that R({s,s,s)) < c-s®*€ for all s. Since (xyz)®/? < R({x,y,z)) for
all x,y,z, we get by taking ¢th roots

t
|G|®/* = (kmn)®/® < Zdi“”s.

i=1
Since € > 0 was arbitrary, the claim of the theorem follows. O

Corollary 10.8. Suppose G has pseudo exponent &« and its largest character degree is dmax. Then
|G‘a)/a < \G|dw_2.

max

Proof. Use Y!_,d? =G| O

10.4 Applications

So is there a group that gives a nontrivial bound on the exponent? While in the first paper, no such
example was given, Cohn et al. [9] in a second paper gave several such examples. It is also possible to
match the upper bound by Coppersmith and Winograd within this group theoretic framework. To this
aim, they generalize the triple product property to a simultaneous triple product property. It is quite easy
to prove analogues of Lemma 10.2, Theorem 10.3, and of Theorem 10.7 with matrix tensors replaced by
sums of matrix tensors. The interested reader is referred to [9].

Furthermore, Cohn et al. [9] make two conjectures, both of which would imply @ = 2. One of them,
however, contradicts a variant of the sunflower conjecture [2].

Definition 10.9. Let G and H be two groups, with a left action of G on H. The semidirect product H x G
is the set H x G with the multiplication law

(h1,81)(h2,82) = (h1(g1-h2),8182)

where g1 - i, denotes the action of g on A;.

Example 10.10. Let C, be the cyclic group of order n and set H = C>. Let G = H? x C, where C acts
on H? by switching the two factors. Let z be the generator of C,. We write elements of G as (a,b)z’ with
a,b e Hand i€ {0,1}. Let Hy,H,,Hj; be the three factors of H viewed as subgroups. We define subsets

S;={(a,b)z' |ac H\ {1}, be Hyy, je{0,1}},

where the index of H;, is taken cyclically.
The character degrees of G are at most 2, because H? is an Abelian subgroup of index 2. The sum of
the squares of the character degrees is |G|, therefore, the sum of their cubes is < 2|G|, which is 4n°.
We will show below, that G realizes (|Si|,|S2[,|S3]). Each S; has size 2n(n — 1). Thus the pseudo
exponent is
3log|G|  log2n®
log(|SiF) ~ log2n(n—1)°

By Corollary 10.8,
IG|?/% = (2n(n—1))° < |G| - 2972 =2922n° .
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If we set n = 17, we get the bound @ < 2.91.
It remains to show that Sj, S, and S satisfy the triple product property. Let ¢; € Q(S;). We
have ¢; = (a;,b;)(c;',d; ") or qi = (a;,bi)z(c;',d;""). In a product g192g3 = 1, there are either two

1 1
appearances of z or none; since otherwise, ¢1q2g3 = (x,y)z # 1.

First assume that there are none. Then
_ -1 -1 -1 b d—lb d—lb d—l
611%43—(61161 ac, ascy ,b1d; brd, D3d, )-

Thus q192q3 = 1 iff g1 = q» = g3 = 1, since the triple product property holds for each factor H separately.
Now assume that there are two appearances of z. Assume that it appears in g; and g». The other cases
are treated similarly. We have

0192q3 = (ard; 'bacy tazey by taxds Thady )

ay is the only element from C,, x {1} x {1} in the first product on the right-hand side. Since a; # 1, the
product g;g2q3 # 1.

11 Support rank
Finally, we consider another relaxation of rank, introduced in [11].
Definition 11.1. 1. Two tensors ¢,¢’ € K**™*" are support equivalent if for all h, i, j,
thij 70 <= 1, 7#0.
We write ¢ ~g t'.
2. The support rank (or s-rank for short) of a tensor ¢ is defined by
Ry(t) =min{R(t") |t ~s1}.
By definition, the s-rank is a lower bound for the rank. But the s-rank can be much lower.

Example 11.2. Let / be the identity matrix and J be the all-ones matrix of size n x n. Then R(J —1) = n.
Let M = ({~/) for some primitive nth root of unity {. M is a rank-one matrix. M —I and J — I are
support equivalent. But Rg(M —I) < 2, since s-rank is subadditive.

Like border rank, s-rank is a relaxation of rank. These two relaxations are however incomparable.
In the example above, J — I has border rank 7, too. On the other hand, then tensor at the beginning of
Section 6 has s-rank 3 by the same proof given there. (Most lower bound proofs for the rank based on
substitution method also work for s-rank.)

Definition 11.3. The s-rank exponent of matrix multiplication is defined as

s = inf{7 | Rs({n,n,n)) = O0(n*)}.
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Note that s-rank behaves like rank: It is subadditive and submultiplicative. We have (kmn)® <
Rs((k,m,n)). We can define border s-rank and get a similar relation to s-rank. The asymptotic sum
inequality holds for the s-rank, too, and the laser methods works as well, provided that we replace @ by
®s. How are o and w; related?

Theorem 11.4. 0 < (3w, —2)/2.

Proof. Given € > 0, choose C such that Rs((n,n,n)) < C-n®"¢. Let ¢ be a tensor with 7 ~ (n,n,n) and
R(t) < Cn®*¢. Decompose (n,n,n) = (n,n,1) @ (1,1,n). This induces a decomposition of t =1, @1,
with #; ~g (n,n, 1) and t, ~¢ (1,1,n). Now think of 7 having inner structure #; and outer structure z,. By
Lemma 11.6 below, #; is isomorphic to (n,n, 1) and #, is isomorphic to (1,1,n). But this is exactly the
situation we were in when applying the laser method to Str. In the same way, we get

n2n2® < n3(ws+e) .
Since this is true for any €, we get the desired bound. U

In other words, if s <2+ ¢€,then @ <2+ %S. In particular, if g =2, then @ = 2.
Problem 11.5. Can the factor % above be improved?

Lemma 11.6. Let t be a tensor with slices ty,...,t,. such that each t; has only one nonzero entry. If
t' ~gt, thent' is isomorphic to t.

Proof. Assume that w.l.0.g.t1,...,t, are the 1-slices of . We can assume that they are all nonzero. Let
t' be a tensor with ¢’ ~t. Let 1,...,t, be the slices of ¢'. Then #; = o;t] for some o; € K, 1 <i <n.
Let A : K" — K" be the isomorphism defined by multiplying the ith coordinate by ¢, 1 <i < n. Then
Al =t O

How to make use out of s-rank? Cohn and Umans [11] generalize their group theoretic approach by
replacing groups by coherent configurations and group algebras by adjacency algebras. The s-rank comes
into play because of the structural constants. In group algebras, these are either O or 1, in adjacency
algebras, they can be arbitrary. Because of the structural constants, adjacency algebras yield bounds
on @ instead of @. The interested reader is referred to the original paper [11]. Furthermore, Cohn and
Umans currently do not get any bound on @ that is better then the current best upper bounds on @. So a
lot of challenging open problems are waiting out there!
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