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Big O notation

Algorithm 1 Foo 1
1. function FOO(a, b)
2: return a+ b
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Big O notation

Algorithm 2 Foo 1
1. function FOO(a, b)
2: return a+ b

O(1)



Big O
00®0000

Big O notation

Algorithm 3 Foo 2
1: function FOO(a, b)
2: X< a+b
3: y<a-b
4: return x +y




Big O
00®0000

Big O notation

Algorithm 4 Foo 2

1: function FOO(a, b)
2: x<a+b

3: y<a-b

4: return x +y

O(1)+0(1) =20(1) =
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Big O notation

Algorithm 5 Foo 3

1: function FOO(A, B,n)

2: sum <0

3 for i=0,1,2...,ndo
4: sum <— sum + Ali] - BJi]
5

return sum
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Big O notation

Algorithm 6 Foo 3
1: function FOO(A, B,n)

2: sum <0

3 for i=0,1,2...,ndo

4: sum <— sum + Ali] - BJi]
5 return sum
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Big O notation

Algorithm 7 Foo 4

1. function FOO(A, B,n)

2: sum <+ 0

3 for i=0,1,2...,ndo
4: for j=0,1,2...,ndo
5
6

sum <— sum + A[i] - B[j]

return sum
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Big O notation

Algorithm 8 Foo 4
1. function FOO(A, B,n)

2: sum <+ 0

3 for i=0,1,2...,ndo

4: for j=0,1,2...,ndo

5: sum <— sum + A[i] - B[j]
6 return sum

O(n?)
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Strassen's Algorithm

. Math. 15, 354356 (1969)

Gaussian Elimination is not Optimal
Voukex Sranssext
Roceived December 12, 1965

1. Below we will give an algorithm which computes the coeffcients of the

product o two sqare matrics 4 and B oforder  rom te ot of 4

nd B it e thun 4757 it cpertions (ol o in this
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et e Ao wte sh W ocenb 3ol 1 st o fo

‘multiplication and inversion and for solving systems of lincar cquations, trading
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Whee the A, By, C,y ate matrices of order m 2%, Then compute
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VI = (— Ay A) B+ B,
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Cu=14IV_V4VIL,

Gy =14V
Cop =4I 4VI,

using ., for
of matrices of order m 2
By indaction on & one casily sees
o, cOmputes the product of o matrices of order m 2" with w7 multi-
r’lha(nmsznd\ )7 — 62" additions and subtractions of numbers
2w

and les than 6. 7 additions and subractions

Fact2. The product of two matrices of order  may be computed with
<477 arithmetical operations.

Proof. Pt
flogn—4),
2 1
then
2

Iimbedding matrices of order  into matrices of order m 2" redces our task to
that of estimating the number of operations of . By Fact  this number is
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356 V. Staassus: Gaussian Elimination is not Optimal

where the Ay, C, are matrices of order 2%, Then compute

using o, for multiplication, f,, for inversion and the usual algorithm for ad-
dition of subraction of two matrics of order m 2"

By induction on & one. m..y sees

Fact 3., , computes the inverse of a matrix of order m2" with m2" divisons,
S L it snd <4151 R~ 7(n2 additons and
subtractions of numbers. The next Fact follows in the same way as Fact 2.

Fact£. The inverse of a matsix of order » may be computed with < 5.64 . 447
arithmetial operations.

Similar results hold for solving  system of inear equations or compating &
it (ase Det A = (Det Ay) Det (A — Ay, A7 Ay).
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Strassen's Algorithm

AB=C
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Strassen's Algorithm

AB=C
A Al |Bu Br| _ Cu G
An Axn| |Ba Bxn Ca G

Ci1 = A1 - Bii + Az - By
Cio = Ai1 - Bio + Aa - B
Cor = Aoy - By + Axp - By
Coo = Aoy - Bip + Axy - B
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Algorithm 9 Square Matrix Multiplication

1. function MM(A, B, C)

2:

© O N T R

10:
11:
12:

sum <+ 0

n <— columns(A) == rows(B)

m < rows(A)

p < columns(B)

fori=0,1,2....m—1do

forj=0,1,2...,p—1do
sum <0
for k=0,1,2...,n—1do
sum < sum + A[i][k] - B[K][/]

Cli][j] < sum

return C
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Algorithm 10 Square Matrix Multiplication

1. function MM(A, B, C)

2:

© O N T R

10:
11:
12:

sum <+ 0

n <— columns(A) == rows(B)

m < rows(A)

p < columns(B)

fori=0,1,2....m—1do

forj=0,1,2....p—1do
sum <0
for k=0,1,2...,n—1do
sum < sum + A[i][k] - B[K][/]

Cli][j] < sum

return C

O(n3)
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Strassen's Algorithm

| = (A1 + Az) - (Bi1 + B2)
Il = (A2 + Az) - B
= Aq; - (B2 — B)
IV = Ay - (=B + Boi)
V = (A1 + A12) - B
VI = (—Au1 + Ax) - (Bi1 + Bro)
VIl = (A2 — A) - (Bo1 + Bx)
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Strassen's Algorithm

| = (A1 + Az) - (Bi1 + B2)
Il = (A2 + Az) - B
= Aq; - (B2 — B)
IV = Ay - (=B + Boi)
V = (A1 + A12) - B
VI = (—Au1 + Ax) - (Bi1 + Bro)
VIl = (A2 — A) - (Bo1 + Bx)

Chi=I1+IV-V+VI

Gr=11+1V
Co=1I+V
Co=1+11-11+VI
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Strassen's Algorithm

| = (A11 + Ax) - (Bi1 + Bx)
Il = (Ax + Ax) - By

Ci=1+IV-V+VI
= Ay - (Byz — B) =Y

Gr=1+1V
IV = Ay - (—Bu1 + Bar) c21 =+V
12 —
V = (A + A1) - Bn Coo =1+ =11+ VI

VI = (—Au1 + Ax) - (Bi1 + Bro)
VIl = (A2 — A) - (Bo1 + Bx)
Ci1 = (A1 + A2) - (Bi1 + Ba2) + Az - (—Bi1 + Ba1) — (A11 + A12) - Bao + (A2 — A) - (B21 + B22)

Ci1 = A1 Bi1 + A11Bop + A B + A2 B — ApBir + A2 Bt — A11Br2 — A12B2p + A12B21 + A12B2p — A Br1 — A2 B
Ci1 = A1 Bi + A12Bn
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Strassen's Algorithm

| = (A11 + Az) - (B + Bx)
Il = (A + Ax) - By
Il = Aq; - (B2 — B)
IV = Ay - (—Bi1 + Ba)
V = (A1 + Aw) - Bx
VI = (—Au + An) - (B + Bio)
VIl = (A2 — A) - (Bo1 + Bx)

Gi=1+IV-V+VI

Ci=11+1V
Co=II+V
Co=14+1I—=11+VI
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Strassen's Algorithm

| = (A1 + Ap) - (B11 + B2)
1= (A21 + Azz) -B11
Il = Ay; - (B12 — Ba)
IV =A% (—Bu+B2)
V = (A1 +Ap) - Ba
VI = (—A1u + A2) - (B11 + B12)
VIl = (A2 — A2) - (B21 + B2)

Cau=1+IV-V+VI
Cau=U+1IV
Co=1I+V
Co=I1+11-11+VI
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Algorithm 11 Strassen Matrix Multiplication
1: function STRASSEN(A, B, n)
2 if n =2 then
3: C « zeros((n, n))
4 P (A[0][0] + A[1][1]) - (B[0][0] + B[1][1])
5 Q « (A[L[0] + A[L][1]) - B[0][0]
6 R« A0][0] - (B[o][1] — B[1][1])
7
8:

S« Al - (B[1][0] - B[o][0])
T« (A0][0] + A[o][1]) - B[L][1]

9 U« (A[][0] - A[o][0]) - (B[o][0] + B[0][1])

w0 V < (Alo][1] - Q1)) - (BL1][o] + B{t][1)

11 Cclo)j0] - P+S-T+V

12: CloJ[]] <« R+ T

13: C[1][0] <+ Q@+ S

14 ]« P+R-Q+U

15 else

16: m < nf2

17: A11,A12,A21,A22 « A[: m][: m],A[: m][m :], A[m :][: m], A[m :][m ]
18: B11,B12,B21,B22 < B[: m|[: m], B[: m][m ], B[m :][: m], B[m :][m ]
19 P « strassen((A1l + A22), (B11 + B22), m)

20, Q « strassen((A21 + A22),B11, m)

21 R « strassen(A11, (B12 — B22), m)

22: S « strassen(A22, (B21 — B11), m)

23: T + strassen((A1l + A12), B22, m)

2 U < strassen((A21 — A11), (B11 + B12), m)

25 V « strassen((A12 — A22), (B21 + B22). m)

26 Cll1«P+S-T+V

27 Cl12+R+T

28: C21+Q+S

29: C22+P+R-Q+U

30, C « vstack((hstack((C11, C12)), hstack((C21, C22))))

31 return C
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Algorithm 12 Strassen Matrix Multiplication
1: function STRASSEN(A, B, n)
2 if n =2 then
3: C « zeros((n, n))
4 P (A[0][0] + A[1][1]) - (B[o][0] + B[1][1])
5 Q « (AL[O] + A[1][1]) - B[0][0]
6 R« A0][0] - (B[o][1] — B[1][1])
:
8:

S« Al - (BJ][0] — Blo][0])
T« (A0][0] + A[0][1]) - B[L][1]

9 U« (A[][0] — A[o][0]) - (B[o][0] + B[0][1])

1 V — (A1 - A1) - (BIL[0] + BL][1])

1 cojo] « P+S-T+V

12 Clo]]] <« R+ T

13 C[1][0] < @+ S

14 Cl[] « P+R-Q+U

15: else

16: m < nf2

17 A11,A12, A21,A22 < A[: m[: m], Al: m][m 3], Alm:][: m], A[m :][m ]
18 B11,B12,B21,B22 < B[: m|[: m], B[: m][m :], B[m :][: m],B[m :][m :]
19 P « strassen((A11 + A22), (B11 + B22), m)

20: Q « strassen((A21 + A22),B11, m)

21: R « strassen(A11, (B12 — B22), m)

2 S « strassen(A22, (B21 — B11), m)

23; T + strassen((A11 + A12), B22, m)

2% U < strassen((A21 — A11), (B11 + B12), m)

25: V « strassen((A12 — A22), (B21 + B22). m)

26: Cll1«<P+S-T+V

27 Cl12+—R+T

28: C21+Q+S

29 C22+P+R-Q+U

30: C « vstack((hstack((C11, C12)), hstack((C21, C22))))

3L return C
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Algorithm 13 Strassen Matrix Multiplication
1: function STRASSEN(A, B, n)
2 if n =2 then
3: C « zeros((n, n))
4 P (A[0][0] + A[1][1]) - (B[0][0] + B[1][1])
5 Q « (A[L[0] + A[L][1]) - B[0][0]
6 R« A0][0] - (B[o][1] — B[1][1])
7
8:

S« Al - (B[1][0] - B[o][0])
T« (A0][0] + A[o][1]) - B[L][1]

9 U« (A[][0] - A[o][0]) - (B[o][0] + B[0][1])

1 V — (AL - ALL)) - (BI[0] + BL][L])

11 Cclo)j0] - P+S-T+V

12: CloJ[]] <« R+ T

13: C[1][0] <+ Q@+ S .

1 i« P+R-Q+U 1 ifn<?2 281
15 else — - — .
16 m« n/2 T(n) - n 2 . - O(n )
17: A11,A12,A21,A22 < A[: m][: m],A[: m][m 3], A[m :][: m], A[m:][m] 7- T( 5) “+n if n > 2

18: B11,B12,B21,B22 < B[: m|[: m], B[: m][m ], B[m :][: m], B[m :][m ]

19 P « strassen((A11 + A22), (B11 + B22), m)

20, Q « strassen((A21 + A22),B11, m)

21 R « strassen(A11, (B12 — B22), m)

22: S « strassen(A22, (B21 — B11), m)

23: T + strassen((A1l + A12), B22, m)

2 U < strassen((A21 — A11), (B11 + B12), m)

25 V « strassen((A12 — A22), (B21 + B22). m)

26 Cll1«P+S-T+V

27 Cl12+—R+T

28: C21+Q+S

29: C22+P+R-Q+U

30, C « vstack((hstack((C11, C12)), hstack((C21, C22))))

31 return C
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Algorithm 14 Strassen Matrix Multiplication
1: function MM(A, B, n)
2 if n =2 then

3 C « zeros((n, n))

4 C[0,0] « A[0][0]  B[0][0] + A[0][1] * B[1][0]

5 C[0, 1] «— A[0][0] * B[0][1] + A[0][1] * B[1][1]

6: C[1,0] « A[1][0] + B[0][0] + A[1][1] * B[1][0]

7 C[1,1] « A[1][0] + B[0][1] + A[1][1] * B[1][1]

8 else

9 m<« n/2

10 A11,A12,A21,A22 < A[: m][: m], A[: m][m :], A[m :][: m],A[m ][m ]
11 B11,B12,B21,B22 < B[: m|[: m], B[: m][m :], B[m :][: m],B[m :][m ]
12 C11 « MM(A11, B11) + MM(A12, B21)

13 C12 « MM(A11, B12) + MM(A12, B22)

14 C21 « MM(A21, B11) + MM(A22, B21)

15 C22 « MM(A21, B12) + MM(A22, B22)

16: C « vstack((hstack((C11, C12)), hstack((C21, C22))))

17: return C
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Algorithm 15 Strassen Matrix Multiplication
1: function MM(A, B, n)
2 if n =2 then

3 C « zeros((n, n))

4 C[0,0] « A[0][0]  B[0][0] + A[0][1] * B[1][0]

5 [0, 1] + A[0][0] + B[O][1] + A[0][1] * B[1][1]

6: C[1,0] « A[1][0] * B[0][0] + A[1][1]  B[1][0]

7 C[1,1] + A[1][0] + B[O][1] + A[1][1] * B[1][1]

8 else

9: m<«nf2

10 A11,A12,A21,A22 < A[: m][: m], A[: m][m :], A[m :][: m],A[m ][m ]
11 B11,B12,B21,B22 < B[: m|[: m], B[: m][m ], B[m :][: m],B[m :][m ]
12 C11 « MM(A11, B11) + MM(A12, B21)

13 C12 + MM(A11, B12) + MM(A12, B22)

14 C21 « MM(A21, B11) + MM(A22, B21)

15 C22 + MM(A21, B12) + MM(A22, B22)

16: C « vstack((hstack((C11, C12)), hstack((C21, C22))))

17: return C

1 ifn§2_

= (O(n'°828
8-T(5)+n* ifn>2 (me5)



Strassen’s Algorithm
000000000e

Algorithm

Algorithm 16 Strassen Matrix Multiplication
1: function MM(A, B, n)
2 if n =2 then

3 C « zeros((n, n))

4 C[0,0] « A[0][0]  B[0][0] + A[0][1] * B[1][0]

5 [0, 1] + A[0][0] + B[O][1] + A[0][1] * B[1][1]

6: C[1,0] « A[1][0] * B[0][0] + A[1][1]  B[1][0]

7 C[1,1] + A[1][0] + B[O][1] + A[1][1] * B[1][1]

8 else

9: m<«nf2

10 A11,A12,A21,A22 < A[: m][: m], A[: m][m :], A[m :][: m],A[m ][m ]
11 B11,B12,B21,B22 < B[: m|[: m], B[: m][m ], B[m :][: m],B[m :][m ]
12 C11 « MM(A11, B11) + MM(A12, B21)

13 C12 + MM(A11, B12) + MM(A12, B22)

14 C21 « MM(A21, B11) + MM(A22, B21)

15 C22 + MM(A21, B12) + MM(A22, B22)

16: C « vstack((hstack((C11, C12)), hstack((C21, C22))))

17: return C

1 ifn§2_

=0O(nd
8-T(5)+n* ifn>2 (")
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BLAS, LAPACK

@ Basic Linear Algebra Subprograms
e y=oax—+y
o y=alAx+ fy
e C=aAB+ C
o Linear Algebra Package
o QR decomposition
o Singular value decomposition
o Eigenvalues
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