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Proof

To prove the equation above, we need three basic trig identities

cos(A+ B) = cosAcosB — sin Asin B
2cos Acos B = cos(A — B) +cos(A+ B)
2sin AsinB = cos(A — B) —cos(A + B)

and three Bessel function identities

cos(zsinf) = )+ 2 Z Jor(z) cos(2k0)

sin(zsin ) = 2 Z Jo1 (2) sin((2k + 1)6)

Jonl2) = (=1)"Ju(2)

The Bessel function identities above can be found in Abramowitz and Stegun as
equations 9.1.42,9.1.43, and 9.1.5.

And now the proof. We start with

cos(2m fot + Bsin(27 ft))
and apply the sum identity for cosines to get
cos(27 f.t) cos(B sin(2m fynt)) — sin(27 f.t) sin(B sin(27 f,ut))
Now let’s take the first term

cos (27 f.t) cos(B sin(27w fyut))

and apply one of our Bessel identities to expand it to

Jo(B) cos(2m f.t +Z Joe(B) {cos(2m(f. — 2k fr)t) + cos(2n(f. + 2k fr)t)}

which can be simplified to
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Z Jn(B) cos(2m(fo + nfm)t)

n even

where the sum runs over all even integers, positive and negative.

Now we do the same with the second half of the cosine sum. We expand
sin(27 f.t) sin(B sin(27 f,ut))

to

Z Jorr1(B) {cos(2m(fo — (2k + 1) f)t) — cos(2n(fo 4 (2k + 1) f)t)}

which simplifies to

—ZJ ) cos(2m(fe + nfim)t)

n odd

where again the sum is over all (odd this time) integers. Combining the two halves

gives our result

cos(2m f.t + Bsin(27 fint)) Z Je(B) cos(2m(fe + k fm)t)

k=—o0
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